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Channel

Source 

encoder

Source 

decoder

Source

Destination

Channel 

encoder
Modulator

Channel 

decoder

De-

modulator

Source 

coding

Channel 

coding

Packing

Unpacking

Error control

Error correction

Digital to analog

Analog to digital

Medium

Digital 

modulation
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Channel 

encoder

Channel 

decoder

Digital

Channel

Information
word information

k bits n bits n bits k bits

Calculate r parity bits from the k information bits.

Send n = k + r codeword bits.

Received: n possibly corrupted bits.

Decode to the most likely sent codeword given the received bits.

More general: 

Map k information bits on 

n = k + r codeword bits.

If the codewords are well chosen, then we will be able to correct errors.
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00 10101010

01 11010000

10 01100111

11 00011101

k = 2 n = 8

Code: { }{ }
k

i

n

ic
2

1
1,0

=
∈=�

( )
niii ccc ,1, ,...,=Codeword:

{ }1,0∈

Decoding principles:

Assume that all errors are equally serious.

Choose the most likely codeword given the received vector.

�

Example code:

Rate:
n

k
R =
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Decoding rule 1:

Stochastic variables: Sent codeword: C

XReceived word:

Set 
icc =ˆ if { }xXcC j == |Pr is maximized for ij = .

Decoding rule 2: Set 
icc =ˆ if { } { }

jj cCxXcC === |PrPr is max for ij = .

Bayes rule     �

MAP decoding:

ML decoding { }( )k

jcC 21Pr == :

Decoding rule 3: Set 
icc =ˆ if { }

jcCxX == |Pr is maximized for ij = .
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p−1

p
0

1

0

1
p−1

p
Input Output

( )bad ,H

Consecutive uses of 

the channel are 
independent.

Hamming distance: # positions where and differ.a b

Properties: ( ) 0,H =aad ( ) 0,H ≥bad ( ) ( ) ( )cbdbadcad ,,, HHH +≤

{ } ( )( ) ( )jj cxdncxd

j ppcCxX
,, HH 1|Pr

−
−===We get:

Decoding rule 4: Set 
icc =ˆ if ( )

jcxd ,H is minimized for ij = .

ML decoding for BSC with error probability p (assuming 5.00 << p ):
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00 10101010

01 11010000

10 01100111

11 00011101

k = 2 n = 8

dH(10101010,11010000) = 5

dH(10101010,01100111) = 5

dH(10101010,00011101) = 6

dH(11010000,01100111) = 6

dH(11010000,00011101) = 5

dH(01100111,00011101) = 5

d = 5

Decoding: Choose closest codeword.

(10111010) (10101010)
(11110111) (01100111)

(00111000) 3

(10101010) (00011101) 

Error correction capability

Error detection capability

��

�
��

� −
=

2

1d
t 2=tHere

1−= dv 4=vHere

�,��)�
��%�.����/�GF(2)
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0

+

1

0

0

01

1

1

0

�

1

0

0

10

0

1
Integer arithmetic 

reduced modulo 2.

(a + b) + c = a + (b + c) ∀ a, b, c ∈ GF(2)

(a · b) · c = a · (b · c) ∀ a, b, c ∈ GF(2)

a + b = b + a ∀ a, b ∈ GF(2)

a · b = b · a ∀ a, b ∈ GF(2)

∃ 0 ∈ GF(2): a + 0 = a ∀ a ∈ GF(2)

∃ 1 ∈ GF(2):    a · 1 = a ∀ a ∈ GF(2)

∃ –a ∈ GF(2): a + (–a)  = 0 ∀ a ∈ GF(2)

∃ a–1 ∈ GF(2):    a · a–1 = 1 ∀ a ∈ GF(2), a ≠ 0

a · (b + c) = a · b + a · c ∀ a, b, c ∈ GF(2)
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GF(2)n.

� �∈+ 21 cc �∈21,cc

G

( ){ }k
mGm 2GF∈∀=�

��
�

�
		



�
=

1110

0011
G

00 0000

01 0111

10 1100

11 1011

m Gmc =

k�n

k

We can use everything from linear algebra!!
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Even parity in 

each circle.
Information

An error!

Result: Even parity in the upper circle, odd parity in the two lower circles. 
Only one position can explain that – the actual error.
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Even parity in each circle.Information

�,��01/23�4����
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1m

2m 3m

4m

1p

2p3p

Even parity in each circle. �

( )

( )

( )2mod0

2mod0

2mod0

4213

4312

4321

=+++

=+++

=+++

mmmp

mmmp

mmmp
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Generator 
matrix, G, 

on systematic 
form

�

( )

( )

( )2mod0

2mod0

2mod0

4213

4312

4321

=+++

=+++

=+++

mmmp

mmmp

mmmp ( )

( )

( )2mod

2mod

2mod

4213

4312

4321

mmmp

mmmp

mmmp

++=

++=

++=

( )3214321 ,,,,,, pppmmmmc =

�
�
�
�
�

�

�

	
	
	
	
	




�

1111000

0110100

1010010

1100001Codeword:

( )PIG k ,=

�
�
�
�
�

�

�

	
	
	
	
	




�

111

011

101

110

=Pwith

Code:

( ){ }4
2GF∈∀== mGmc�

Dimension:

k = # rows in G. Here 4.

Length:

n = # columns in G. Here 7.

( )4321 ,,, mmmm=
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2018-11-27 14

TSKS02 Telecommunication - Lecture 8

( ){ }k
mGm 2GF∈∀=�

A vector space (code) expressed in a basis:

( ){ }0:2GF T =∈= cHc
n

�

A vector space (code) expressed as the nullspace of a matrix:

Generator matrix (k�n), linearly independent rows.

Parity check matrix ((n – k)�n), linearly independent rows.

0T =HGProperty:

01/23�4����
+��
���� 7����%��,�	�������-
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Parity check matrix, H, 
on systematic form

�

0

0

0

3421

2431

1432

=+++

=+++

=+++

pmmm

pmmm

pmmm

Compare to the generator matrix:

( )PI ,4=

�
�
�
�
�

�

�

	
	
	
	
	




�

1111000

0110100

1010010

1100001

=G

( )3
T, IPH =

�
�
�

�
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0

0

0

3

2

1

4

3

2

1

p

p

p

m

m

m

m
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�

1001011

0101101

0011110

In general:

( )

( )kn

k

IPH

PIG

−=

=

,

,
T

( )

( )T,

,

PIH

IPG

kn

k

−=

=
or

Codes may have non-systematic 

generator and/or parity check matrices.
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( )awH

Hamming distance: ( )bad ,H

Hamming weight:

# positions where and differ.a b

# positions where is 1 (non-zero).a

( ) ( )bawbad += HH ,Relation:

Minimum distance: ( )
ji

ji
ccdd ,min H

≠
=

=H
�
�
�

�

�

	
	
	




�

1001011

0101101

0011110 0= � 1>d � 2>d

0761 =++ hhh

� 3=d

Linear code

( )cw

c

c H

0

min

≠

∈
=

�
( )

ji
ji

ccw +=
≠

Hmin

d is the smallest number of linearly dependent columns in H. (since )   0T =cH
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Error correction capability: ��

�
��

� −
=

2

1d
t

1−= dvError detection capability:

d

1−= dv

t

Even d:
d

1−= dv

Odd d:

t t t

1−= dv

1−= dv

The code can correct every 

w-bit error if w ≤ t.

The code can detect every 

w-bit error if w ≤ v.

2

2−
=

d
t

2

1−
=

d
t

�#��#��(�� )�
��%���
�����
����[n,k,d]
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( ){ }k
mGm 2GF∈∀=�

A vector space expressed in a basis

( ){ }0:2GF T =∈= cHc
n

�

… the nullspace of a matrix

Generator matrix (k�n), 
linearly independent rows.

Parity check matrix ((n – k)�n), 

linearly independent rows.

Minimum distance, d

Smallest Hamming distance between different codewords.

Smallest Hamming weight of non-zero codewords.

Smallest number of linearly dependent columns in H.

Length, n, # columns in G or H Dimension, k, # rows in G.

0T =HG

www.liu.se
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