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Analog Modulation — Part 2
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ACF of Angle Modulation 1(3)

ry(t+78)=E {A cos(waC(t+ )+ Dot +7) + \1/) A cos(27rfct+ Ba(t) + xp)}

= A??E {(:os(2ﬂ'fc(2t +7)+ Oyt +7) + DPg(t) + 2\11)}

- A72E {COS (27rfc7' + Qa(t+7) — (I)d(t)) } ’

= A??E {(tos(27rfc7' +Oq(t+7) — ‘I’d(t))}

A? j[27 feT+@a(t+7)—Pa (t)]
= A (R fonrsaun-sat}

2
= %RQ{E {6j[‘bd(t+r)—‘l>d(t)]}ej27rfc-,-}1
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Broadband Angle Modulation

Modulation of a Gaussian process

Assumptions: () isan ergodic Gaussian process, mean 0.

U is uniform on [0,2m) and indep of $y(7).

Signal: X(t) = A cos (27 fot + Da(t) + 0) = my =0
Phasedev.:  d,(1)
1 d
Freq. dev.: Fa(t) = - = Pa(?)
o , 1 &
Relation: Rp,(f)=f'Re,(f). =  rg(1)= NOER Zra7ea(7)
Definitions: &7 = 21, (0) 3= 2rp,(0),
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ACF of Angle Modulation 2(3)

A2 . .
We had:  r¢(t+7.t) = 7Re{E {6J[<I>d(t+r)—q>d(t)]} 6]27rfc-r}l
Temporary Gaussian variable: Y = &4(t +7) — $q4(t) (mean 0)
Then: E{eV} =E{cos(Y)} + jE{sin(Y)} = E{ cos(Y)},

Important observation: This is real valued.

A2 , , A2 .
Rewrite: 7x(t+7.1) = TE {eM} Re {7} = TE {e} cos(2n foT)
We have, with f= —1/2mr, using the identity 7, {¢~"/T"} = 7 c=7()?

B} =E{e ) = B {0} = 7 { et ]

2woy
— o—Cnfoy)2/2 _ 0%/
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ACF of Angle Modulation 3(3)

We had: x(t+7.1) =
Recall: Y =®4(t+7) —Dg(t) (mean 0)

We have: oy =E {(‘I’d(f +7) - (I)(l(f))g} = 2rg,(0) = 2rg, (7).
Mean and ACF independent of time t. Wide sense stationary!

|

my =0 ry(7) = ¢ (7) - cos(2m feT) re(r) = g (Mg (O)

l\glll—

The introduced process X () is a normalized baseband
representation of X ().
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Bandwidth of Angle Modulation

Define bandwidth By as the width of the frequency band, symmetrically
around the carrier frequency that contains 90% of the power.
Bx /2
/Rﬂﬂ#:m.
—Bx/2
Broadband = % very small. Ignore!

Bx /2
/ 1 UMD gF 2 0.9,
. ™ fa
—Bx /2
We get:
oo Bx/2
.qﬂwN#=Q<\ > 005 = Bx~233fs
Bx /2 VT fa fal V2 | |
X/2

Compare Carson’s rule: Bandwidth is slightly more than 2-f ...
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PSD of Angle Modulation

A?
2

We had: ry(7) = = - 1r¢(7) - cos(2m fer) r

2

Recall: 07 = 2rg,(0) fi=2rp(0),

This holds if 73 (7) has no periodic components and ®4(¢) has mean 0:

re(T) &~ m +(1— m ) e O m + (1 — m ) . e~ (nfar)?
Spectrum: Re(f) mm%o(f) + 1omy cemU?
X\ \/; - fa '
* +
Carrier Sidebands

The only relation to Ry (f) is through r (0) and 74 (0).
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Special Cases: Broadband PM and FM

Phase modulation: Oy (t) = a M(t),
() = a2 ___')1.’\/(")
re,(T) = a ry (1) = 5 —,l”(()).
. o5 Ry(f)
Ry, —a’R d MV
1(,“) v \/(f) ) "\/(())
Frequency modulation Oy(t) =a / M(t) dt,
l~ d a
Fy(t) = o E‘I)(f) =3 M(t)
a2 B 2 ry(7)
"ra(7) = (T—) rulT) =% 721 (0)
a2 fi Ry (f)
R, (f) = (52) R =% ,;\‘I’“f)
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Narrowband Angle Modulation

We have:
X(t) = Acos (2 fot + Dq(t) + V)
= Acos (Pq(t)) cos (27 fet + W) — Asin (q(t)) sin (27 ft + V)
Narrowband modulation, i.e. ®4(9) is small:
X(t) = Acos (2rfct + V) — ADq(t) sin (27 fot + V) .

Spectrum:

A% e, A® L -,
Ry(f) = T((’(f +f) +O(f = fo) + T(H""'(‘f + fe) + Ry, (f = fo))

4 4
Carrier Sidebands

We get AM in the quadrature component.
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AWGN Impact on Phase Modulation

y flrer | X () +Wi(t) Y (t) 4+ Way(t) > Flter
. . BP filter LP filter . .
X(t)+W(t) — Hi(f) F——————» Demod Hy(f) Y (t) + Ws(t)
Output signal:  Aam(t) Output signal power: Py = A%a*Py
2 F - /2
Can be shown: p, (f) = 2R, |71 < Bx/2
2 0, elsewhere,
. i 1, |f| < B,
Filter: Hy(f) = 7]
0, elsewhere.
. . 2R,. ‘| < B,
Output noise: Ry, (f) = |Ha(f)|* Ry, (f) = o /]
? 0, elsewhere,
©0 B
Noise power: 7y, = / Ry, (f)df = / 2Ry df = 4BRy.
—"x _‘R Py _ A—lz(lzp\[
Output SNR: Pw, - 4BR,
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AWGN Impact on Angle Modulation

3D e | X (1) +Wi(t) Y (t) + Wy(t) Tter
X (1) + W(t) — b;]ll(ll;;n Demod L;’I"t(l/t.) 0L Tt
. ' L | fl = fe| < Bx/2,
Filter: H(f) = I ‘| e /
0, elsewhere.
i i Ry, | — fe By /2.
Filtered noise PSD: Ry, (f) = |H.(f)|* Ry (f 0 \|.f| f(\ < Bx/
' 0, elsewhere,
0 fetBx /2
Filtered noise power: p;;, = / Ry, (f)df =2 / Rodf = 2BxR,.
oo fe—Bx/2
A? Px 1l‘.’/.) 42
Signal power: Py =— Input SNR: x _ Afa
g p ) 2 p )H'l 2B_\'R() -lB‘\'[))[)
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AWGN Impact on Frequency Modulation

T X(¢) + W) Y(t)+Walt) [T pre
BP filter LP filter . ot
X(t)+W(t) —] H,(f) Demod Hy( f) Y (t) + Ws(t)
Output signal:  Aam(t) Output signal power: Py = A%’ Py
2f%R,, | < By /2.
Can be shown: Ry, (f) = F*Ro. |1 x/
? 0, elsewhere,
. : L, |fl<B,
Filter: Hy(f) = 17
0, elsewhere.
. 2f*Ro. |f| < B,
Output noise: Ry (f) =
0, elsewhere.
3 942,,2
Noise power: Py, = iy Output SNR: B _ M
‘ 3 : W 4B3 R,
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Linear Mappings

Sampling:
pling (0 ./\7?)
n

—> yln] = x(nT)

Pulse-Amplitude Modulation:

PAM PAM
(PAM) ulrd pl

L St = En', yln] p(t — nT)

Reconstruction:

ton—ot: x(t) ':1\;0 ylnl Iﬁg’l LS 2
. PAM y(t) -
n-ton: xn] i ':l\; —> Z[n|

LINKOPINGS
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Sampling — Frequency Domain

Original spectrum:

vlel=1.3 x(0-m)f)

y x(f)
W 7 /
Variable substitution:
- N _WT | WT i ¢
Periodic repetition:
/\ Y\X((e_m)‘ﬂ)/\
1 -2 -wr  wr 12 1 0
Amplitude scaling:
T : T : T T : T : T 9
-1 -1/2 -WT wTr 12 1
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Sampling — Deterministically

x(0) > «¥0 yin]

Time domain: y[n] = x(nT)

(from S&S)

Sampling frequency: f,=1T

Frequency domain: Y[0] = %ZX (9—Tm) = fSZX((G -m)f;)

m

If X(f)=0 for | f| =f/2:

Y[01=fX(6f) for | 6| <1/2

Y[0]1=Y[O+k] for

kinteger

LINKOPINGS
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PAM — Deterministically (from S&S)

Example:
Sl —s] P s L Lp@)
()
T T
Time domain:
y[n]
2(1) =2 yln] p(t = nT) T I ! I ?
¢ l a1l
Frequency domain:
z(1)
Z(f)=P(H)Y[fT] , /\
\/ —Il i \/
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PAM — Frequency Domain

Zf)=PE)Y[fT]

Original spectrum:
/\ .&i[e] ./\
T : T : T T : T : T 9
-1 -12  -WT wT 12 1
Variable substitution:
./\ .&Y\[]iﬂ ./\
T I T I T T { T I T f
7 /2 W w 12 I
Spectrum of the pulse: P(f)
} } } f
The result: i v %
Po)Af, 1 Z(f)
=y : . \ : ey f
s S22 W w 12 £
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Sampling of a Stochastic Process 2(2)

X(®) ';\;3 Y[n] = X(nT) Assumption: X(t) WSS
1 0—-m
N e W N(COTA

If R(f)=0 for | f|=f/2:
Ry[0]1 = f, Ry(0f) for | 6| <12

R,[6]1=R,6+k] for Kkinteger
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Sampling of a Stochastic Process 1(2)

X() > 'jf) Y[n] = X(nT) Assumption: X(t) WSS
Mean: m,[n] = EB{rlx]} = EX(T)y = my
i i
Definition Sampling X(t) WSS
¥ ¥ y
ACF: Ty [n,n + k]= E{Y[n]Y[n + k]}= E{X (nT )X ((n + k)T)}= Ty (kT )
This is sampling of the deterministic function (7).
1 0—-m
o Rol= DR [T = LT R (0-m))

m
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PAM of a Stochastic Process 1(3)

PAM Time domain (alternative approach): ¥ unif. [0,T]
Y[n] —> —> Z(1) .
u 20 = 2, Y[n] p(t — nT—¥) ¥ & Y[n] indep.
' X B Mean:
Time domain (naive approach): m, (t): E{Z (t)}: E{Z Y[n]p(t T w )}
Z(n) =; Y(n] p(t - nT) = S E{¥Y[nJE{p(t—nT -W)}  (indep)

oo

=>'m, jp(t—nT -y )fsw)dy

Problem: Does not retain WSS.

z 1 ¢=t—-nT —
1= S = [ et -y )av =/
n n 0
l t—nT 1 oo
rAt+D) = =my %, [p@)dg =m, [ p(9)do
= ZZp(t—nT) p(t+7mT) ryln-m] 1 tonret -
nom = ?P(O)my | Independent of z. |
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PAM of a Stochastic Process 2(3)

ACF:

rz(m,t):E{z(m)z(t)}:E{zy[n]p(m_nr_xp)zy[m]p(t_mr_T)}
= S EY Y [mE{p(t+7—nT —¥)p(t - mT —¥)}
=ZZry[n—m]JT-p(t+T—nT—y/)p(t—mT—1//)%dyj=/k:n_m/
=%Zk‘,ry[k]Zm‘,lp(t+f—(k+m7f—l//)p(t—mT—v/)dw= /“’:d";:'j;‘/

1 T+mT —t . _
=FZ ry[k]z J-p(’l'—kT—¢)p(—¢)d¢= /deflne p([): p(—t)/
k m- mT —t
1 r - 1 R
=72 k] [pe—kT = 9)p(9)dg = -3 r,[kl(p = P )z - kT)
k —e X
| Independent of 7. |
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Sampling and PAM of WSS Processes

—Summary
X —> ¥¥0 > ¥l Ml — P s 20
Y[n]= X (nT) Z(e)=> v[n]plt—kT -¥)

1" ¥ unif. [0,7]
my, =my m; = FP(O)'”Y ¥ & Y([n] indep.
(k)= r 1) r (@)= 3 K] (o= p)e—kT)
OSSN E=S R, (F)=LP(rY R, L]

T < T T
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PAM of a Stochastic Process 3(3)

1
Mean: m, = FP(O)mY

Independent of 7.
Thus WSS

ACF: rZ(T)=%Z r k] (p* p)z—kT)

i

b R,(1)=F LTkl p)e- 1)

Notice: The sum is PAM of r,[k] using pulse (p * p )(7).
Fllpsp)o)=1P(r)

Recall deterministic PAM:

R, (1)= P Y R, L]
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