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Multi-Dimensional Signals & Systems
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Two-Dimensional Signals

a,

A function of two variables s
x(a,,a,) (space-continuous)
x[n,n,] (space-discrete) o

Separable signals: 1
x(ay,a,) = x,(ay) - x,(a,)

X[l’ll ’ nz] =X [nl ] ’ xz[nz] e -1 05 0 05 1 15
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Classification of Systems

Linearity: Input x,(a,,a,) gives output ¥ (a,.a,).
Input x,(a,,a,) gives output v, (a,,a,).

Then input  a-x(a,a,)+b-x,(a,,a,)
gives output a-y(a,.a,)+b-y,(a,a,).

Space-invariance: Input x(a,,a,) gives output y(a,,a,).
Then input  x(a, —b,,a,—b,)
gives output y(a,—b.a,-b,).

LSI: Both linear and space-invariant.

Similarily for space-discrete systems
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Two-Dimensional Stochastic Processes
Mean: my (a,,a,)=E{X(a,,a,)}
Auto-correlation:  ry(a,,a,;a,+b,,a, +b,)=E{X(a,,a,) X (a, +b,,a, +b,)}

Wide-sense stationarity:
Both my (a,.a,) and ry(a,,a,;a,+b,,a, +b,) independent of (4,,a,).

Simplified notation: m, and 7y (b;.b,)
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Two-Dimensional Convolution

For LSI systems, the output is given by a two-dimensional convolution of
the input and the impulse response of the filter.

Definition: (x@h)ay.a,)= [ [x(by,b,) e, by, a,~b,) dbdb,

Separable signals: (x@h)a,,a,)= ”x1 x(b,) h(a,—b) h(a,~b,) dbdb,

= Txl(bl)h‘l(al —b)db sz(bz)h’z(az —b,) db,

= (x %y )(@) - (x, %y )(a,)

Space-discrete: (x@h)ln.n)=>"3" xlk,.k, |- hln — k. n, — k]
ko ks
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Non-Separable Convolution 1(2)

-2

1 le + d2 <1 15
9 = h 9 2 = ’ : 2 ’
x(al aZ) (a] a_) {O, elsewhere
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2

Non-separable signals
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Separable Convolution 1(3)

x(al’az):h(al»az): -2
L af<1/2 and |a,|<1/2
- 0, elsewhere -8
=z(a)-2(a,)

1 <172

0, elsewhere g5

with z(a)=rect(a)={

0.5

Separable signals ERr——
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Non-Separable Convolution 2(2)

y(ahaz): (x®h)(al’az)

:{Zarccos(a/Z)—a\ 1-(al2)?, a* :af+a§ <4

0, elsewhere

-2 -1.5 -1 -0.5 0 0.5 1 1.5

N
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Separable Convolution 2(3)
)’(awaz):(x®h)(a1’az)

= max{O,l - ‘al ‘} max{O,l - ‘az ‘}
= triangle(a, )- triangle(az)

N
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SN

l
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Separable Convolution 3(3)

y(aw a, ) = (x®h)(a] ’az)
=max{0,1 - la, ‘} max{0,1— ‘aZ‘}
= trian gle:(a1 )- triangldaz)

Scaled
graphic

-2 -15 -1 -0.5 0 05 1 15
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2-D Space-Discrete Fourier Transform

Definition:

Inverse:

Properties:

X [91 > 92] = ?{x[nl 2L I= sz[nl ’ ”z]eijmwl”lmznz’

noon

11
a0, ]=F{x[6,6,1}= [ [ x[6,6.]e" " d6,de,
00

X[6,.6,]= x[6,+m,,6,+m,] forintegers mand m,
F{xln . n Ir= F{F {0, [ = % xlon, I

Flo[n ] xln, b= # {0 [ & 0 [0, ]
Fla@mln.n}=x6.6,]-H[6.6,]

Fixln,n] hln,.nl}= (X®@ H)[6,,6,] (periodic conv)
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2-D Space-Continuous Fourier Transform

Definition: X(f, £,)=F{xla,a,)}= T T)c(a],az)e’jz’[(/'“’%”z’dalda2
|nV€rSEZ X(Cl],az) — 9:-—1{X(fl’ fz )}: I jX(f],fz)e‘/z”('f'“‘*fzaz)df]df2
PropertieS: ?{x(al » )}= ?ﬁ{?ﬁ{x(al » )}}: ?;{?]{x(al » )}}

?-{xl (al ) X (az )}: ?-[{xl (a] )} ?-z{xz (az )}
Flaehla,a,)i=X(f. £,) H(f. 1)
Fixla,.a,) a0, )}=(X@H)(f,. 1)
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Power and Power Spectral Density

PSD:

Power:

Ry (fp fz ?{’x by, b I _[ x(bl’bz )"7/2”(nhl%bz)dbldb:

P=E{x0.0)}= 1 00)= | [R5 £t

Output of LSI-system if input is WSS:

Output:
Mean:
ACF:

PSD:

Y(a,,a,)=(X®h)(a,,a,)

my, =my I J.h(al,az)dalda2 =m, - H(0,0)

ry(bl’bz) = (h®l;® rx )(blsbz) With ];(a]saz) = h(_al,_az)

R (fis £)=[H (£ £ R (fis £2)
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Two-Dimensional Sampling

Deterministic (for rectangular grid):

Sampling: ylmn]=x(m A n,4,)
Sampling periods: A and A2
6,—k
Spectrum: Y[elﬂz]— ZZX( , AZZJ
k ky

Probabilistic (for rectangular grid):
Sampling: Y[n,n,]= X(nlAi’nZAZ)

kg T
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Two-Dimensional PAM

Deterministic (for rectangular grid):

PAM: z(a.a,)= ZZ)’["H ”2]P —mA,a,—n,A,)

mon

Spectrum:  Z(f,.£,)= P(fi. ) Y[£A. A
Probabilistic (for rectangular grid):

PAM: al az Zzy[nlvnz]l’ nlAl_Tl’az_nzAz_lpz)

¥, uniform on [O,A,) and ¥, uniform on [O,AZ)
both independent of Y[n,,n,]and of each other.

1 2
: Rz 1J2 =——P 12J2 Ry 190 Jh
PSD: (fi. 1) AiAzl (. LN RIAA.L £A]
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