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1
These subtasks have to be treated correctly as partial ful-
fillment to pass the exam.

a. A stochastic process is said to be exactly predictable
if it is enough to observe a realization during a finite
interval to determine the complete realization.

b. The PSD Ry [0] is given by Poisson’s summation for-
mula for stochastic processes (T & F p. 11):

Ryl0] = £, 3" Rx(f(6 — m)
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c. According to T & F, page 15, we have
ry[k] = 67X [k] + 97X [0]rx [K]

For the given ACF, we have rx[0] = 1. Thus, we have

which can be rewritten as

=0 (%) +o(b)"

if you are amused by that.

2

We are given the following system, where X[n] is a se-
quence of independent random variables, uniformly dis-
tributed on the interval [—1, 1].

Xfn] D -0 Yl
L

For the input, we have the PDF

fX[n] (:L') = %rect (g) .

and the mean

00 1
my = /xfx[n](x)dx:/gdx:&
—00 -1

To determine the ACF for the input, we study the cases
k =0 and k # 0 separately. For kK = 0 we get

rx[0] = B{X*[n]} = /waX[n](w)dw=/%dw=%,

and for k # 0 we have

rx[k] = E{X[n+ k] X[n]}
=E{X[n+k]}E{X[n]} =m% =0,

where we have used the independence in the second equal-
ity. Totally, we have

a. To determine the ACF ry[k], we notice from the fig-
ure that we have

Yn] = X[n] + X[n —1].
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The ACF is then given by

]} =

:E{(X[n+k]+X[n+k71])(X[n]+X[n71])}

=EB{X[n+ kX }+E{Xn+k] [n—1]}+
+ E{X[n+k—-1]X[n]}+E{X[n+k—1]X[n—1]}

=rx[k]+rx[k+ 1] +rx[k— 1] + rx[k]

_ %(5% + 1] + 26[k] + o[k — 1]).

ry E{Yn—i—k:

b. The PSD Ry [k] is as usual given as the Fourier trans-
form of the ACF:

2

=3 (1 + cos(270)).

c. To determine the probability Pr{Y[n]>3/2}, we
need the PDF fy,(y). First, we observe that Y'[n]

is the sum of two independent samples, X[n] and
X[n —1]. We have

= / fX[n],X[n—l]('rvy - .CC) dx =

:/fX[n] (@) fxpn-1)(y—2)dz = (fxpm) * fxpn—1) (),

where we have used the independence in the second
equality. As noted, we have

xT

Ixm(@) = fxp-1(z) = %rect (5) )

Thus, we have

Graphically:
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3

We have a stationary Gaussian process X (t) with mean
zero and ACF r (7). We wish to show that the ACF of
the process

Y(t) = X3(t)

ry (1) = 9% (0)rx (1) + 6r% (7).

We use Prices theorem, T & F page 16, with X; = X(¢),
Xo=X(t+7), f(x) = g(z) = 23. For n =1 we have

o) B aX3(t) 0X3(t+71)
arX(T)TY(T) T ox) ax(t+r)

- E{3X2(t) : 3X2(t+7-)}.

Consider a 7y such that r(79) = 0 holds. Then X (¢) and
X (t + 19) are uncorrelated. But, (X(t),X(t+ 70)) is a
twodimensional jointly Gaussian variable since the pro-
cess is a Gaussian process. Uncorrelated variables con-
stituting a two-dimensional jointly Gaussian variable are
independent. So, X (¢t) and X (¢t + 7p) are independent.
For this particular 7y, we therefore have

0
r (7o)

ry (1) = 9E{3X2(t)} ~E{X2(t + 70)} = 9r2.(0).
(1)
For n = 2 we have
R 070 ()
a3 ) E{ X2 (1)
= B{6X(t

P2X3(t + 7)
S OX2(t+T)

) 6X(t+7)} = 36ry (7).
Integrate both sides with respect to r(7), and we get

0
Orx(7)
for some constant Cy. Again, we consider a 7y such that

7+ (70) = 0 holds. Of course, X (t) and X (t + 79) are still
independent. The Equations 1 and 2 then give us

ry (1) = 18r% (1) + C4, (2)

Cl = 9T§( (0)

We identify in Equation 2, and integrate both sides with
respect to ry (7) again, and we get

ry (T) = 61% (1) + 9r% (0)r

for some constant C5. For a third time, we consider a 7
such that 7y (79) = 0 holds. Again, X (¢) and X (¢ + 70)
are independent, and we get for this particular 7y,

(1) + Cy,

Cy = 1y (o) = E{X3(t)} E{X?’(t + TO)} =0,
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where we have used the fact that an odd moment of a
Gaussian variable with mean zero is zero. Finally, this
gives us

ry (1) = 6r% (1) + 9r% (0)rx (1),
which is what we wanted to prove.

4
Z(t) is not WSS, which we can see by calculating
rz(0,1/fo) and rz(—3/(4f0),1/(4f0)). We have

rz(0,1/ fo) = E{Z(0)Z(1/fo)}
= FE{X(0)X(1/fo) cos0cos(m)}

= E{X(0)X(1/fo)} =rx(1/fo) #0
and

rz(=3/(4f0),1/(4f0)) =

= E{Z(-3/(4f0))Z(1/(4f0))}

= E{X(-3/(4£0)) X (1/(4f0)) cos(—3m/2) cos(m/2)}
=0.

This gives us rz(0,1/fo) # rz(—=3/(4f0),1/(4fo)) which
means that Z(t) is not WSS since

1/fo—0=1/(4fo) — (=3/(4f0))-
The signal Y (¢) has ACF
ry(t,t+7) =
=FE{YQ)Y(t+71)}
=E{X#®)X({+71))x
x cos(2m(fot+¥)) cos(2m(fo(t+7) + ¥))}
= rx(7)E{cos(2m(fot+)) cos(2m(fo(t+7) + ¥))}

Tx(T)E{% (cos(2m(fo(2t+7) + 2T)) + cos(27 foT)) }

Tx(T)% (/0 cos(2m(fo(2t+7) + 240))dp+

1
d
+/O cos(2m foT) 1/1)
= %TX (1) cos(2 fo1)

This shows us that the ACF is independent of time-shifts.
The average of Y (t) is

my (t) = E{Y (1)}
= E{X(t) cos(2m(fot + ¥))}
= mxFE{cos(2n(fot + ¥))}

= mX(T)/O cos(2m(fot +))dyy =0

which also is independent of time. This shows us that
Y () is stationary in the weak sense with mean my = 0

1
and ACF ry = Jrx (1) cos(2m foT).

5
We are given the process

X(t) = A+ B(t),

where A is a Gaussian variable with non-zero variance 0%,
and where B(t) is a WSS Gaussian process with mean zero
and ACF rp(7) = Rysinc(207). Finally, A and B(t) are
independent for all time instances t.

a. We want to determine if B(t) is SSS.
B(t) is WSS and Gaussian. A WSS Gaussian process
is SSS. So, yes! B(t) is SSS.

b. We want to determine if B(¢) is ergodic.

The given ACF rp(7) is a scaled sinc. Then the
PSD Rp(f) is a scaled rect. Specifically, there are
no impulses in Rp(f). Moreover, the Gaussian pro-
cess B(t) is stationary with mean zero. Then B(t) is
ergodic.

c. We want to determine if X (¢) is WSS.

First the mean, given by
mx(t) =E{A+ B(t)} =ma +mp =ma,

which is obviously constant since A is a stochastic
variable. Here we have used that mp is zero.

Then the ACF, given by

m@+ﬂw:E“A+B@+ﬂﬂA+B@”
= E{AQ} +2mamp + rp(7)
= E{4%} +rp(7),

which does not depend on t. Again we have used that
mpg is zero.

Yes, X (t) is WSS.

d. We want to determine if X (¢) is SSS.
Yes, X (t) is Gaussian and WSS. Thus, it is SSS.

e. We want to determine if X (¢) is ergodic.

No, the time-average of X (¢) will be close to the re-
alization of A, which with probability one is not mx
since 0124 is non-zero.
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6
The input can be written as

x[ni,na] = d[n1 — 1,n9] + d[n1,ng — 1]
and the impulse response of the system can be written as
h[ni,na] = d[n1+1,na—1]4+0[n1,no—1]+0[n1 — 1, na —1],
where §[ny, ns] is the two-dimensional space-discrete unit

impulse.

a. The output y[n1,ns] is given by the convolution
ylni,ne] = (x ® h)[n1, nal.
We note that
0[n1,ma] = d[n1]o[ns]

holds, where §[n] is the one-dimensional time-discrete
unit impulse. A single two-dimensional impulse is
thus separable, and if we convolve two shifted two-
dimensional impulses, we get the product of two con-
volutions of shifted one-dimensional impulses. If we
convolve two shifted one-dimensional impulses, the
result is a shifted impulse, where the shift is the sum
of the two shifts. Therefore, the result of a convo-
lution of two shifted two-dimensional impulses is a
shifted two-dimensional impulse, where the shift is
the sum of the shifts of the two convolved impulses.
Finally, this means that the output of our system is

y[n17n2] = (:L' @ h’)[nla nQ]

= 5[711—1—1,712—2] + 5[711, n2—2] + 5[711—1, n2—2]

+d[n1,na—1] 4+ d[n1—1,n2—1] + d[n1—2,na—1]
1’ (77’17"2)e{(_172)7(072)7(172)7(071)7(171)7(271)}

- {0, elsewhere

b. We Fourier transform z[ny, n2] and h[ny,ns| and get

X[917 92] = Z Z ;L'[nh n2]6_j27"(91n1 +02m2)

ni ng

= I2m(=01) + ej27f'(*92)’

H[01,05) = Y ) " hlng,ngle/2m(Grmitoznz)

ni ng

— I2m(01—=02) | oj27(=02) 4 527 (—01—02)
The spectrum of the output is then given by
Y[01,02] = X[61,02]H|[b1,02]
- (ej2w<—91> n eﬂw»(—ez))
. (eﬂw»(el—ez) L ed2m(=02) eﬂw»(—el—ea)
= 2 (=02) | oi2m(=01=62) | j2m(=201—62)

1 ed2m(01-202) | j2m(=202) | j2m(—01—202)

After inverse transformation, we get

1, (n1n2)€{(~1,2),(0,2),(1,2),(0,1),(1,1),(2,1)}
y[nlv n2] =
0, elsewhere

just as before.



