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From the table: Y(t) ry (1)

X, X220, | ry(n)
0, X<o. 3

— rx(0) | rx(1) X (1)
_);_1{+XT+41|')1(‘X(0)+"’

+ = [ 1% (0) — r% (1) + ry (7) arcsin (:;Eg;)]

Complete Maclaurin expansion:

(0)
T 4 47r . (0)

rx(n) | 130 g @3l (0) <rx(f>>“‘"

ry(r) =% ar-@2n—1)- @0l \ry (0)
iy

n=2

n!l is semi-factorial (product of every second positive integer):

6!!=2.-4-6=148 and M=1-3-5-7=105.
TSDT14 Signal Theory - Lecture 6
II LINKOPINGS
) UNIVERSITET 2019-09-19 3

Situation

The input to a momentary non-linearity is a Gaussian process X (t) with mean

my = 0 and auto-correlation function ry (7).

Identities
Y(t) ry(7)
X2(t) 2r% (1) + 7% (0)
X3(t) 6r% (1) +9r% (0)rx (7)
X4(t) 24r4 (1) + 72r% (0)r% (1) + 97% (0)
XO(t) 12075 (1) + 600r% (0)7% (7) + 22514 (0)r (1)
X, X20, [ ry@r s (ry(r
{07 Yoo x4( ) 4 e [,/rx2 0) —r% () + TX(T)MCSIH(%((B%)]
I ahde SR
sgn(X) 2 arcsin (%)
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-
A-L, x>A
N -
4= 3@ ={ £+ [2] 4, Ivl<a : L,
a
_A‘*-z , x<-A N-A =24

N= Namber of steps

Quantrzabon enor:
A4 Saturatron
L
NN N N ‘L NENINEN ‘
-aN N N N \I N'N'N x
em—
Saturation
“ g=9-x = §()-x.
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SH5&

A ' K 5> 2 w=x-
- foer g2 i teorae- /L700

N w3 N A2
Al s F e o &
ASma,d
w small
N VY3 2 N . N
=2 ) [ wtele = & 3 oh() ~E T PriXeL]
k=1 -8(2 ) k= k=r
\/"T—‘
=A/12, =)

Ervor dusbububion :  Approx. wisformly dastr. o [-2, 4

Genera ng withouk saturation :

R<s  siuce |@ <2
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#o&

X——>_‘_,fr'——>Y

The eyror: Q=Y-X = g(X)-X

Quantizatron o(a'sﬁr.so'an«
, = {0 = Ef(3(x)-X)]- S f (3002 () x
Assumptrons :

1. No saturatven: }LXO‘) =0 )(or x| = A
1. Mice distwhibon: {5 () contrhuous for |x|< A

3. Jmall A: fx(x) approx. const. cn cnbervals of (e«.gﬂl. A,
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2 4 |

! 8+ 9 - (
A/2 s )
. 51 A A’ Py 3Py ., 3Px
Py=E (2:/ Pdg= = = DR = —- X N? = g
Q {Q*} J TRYMT 13 T 3N SDR PQ e - 9
-A/2
3Px 3Px
SDRgp = 10log,,(SDR) = 10log,, Tl +n-20log(2) ~ 10log,, Tl + 6n.
"61 74 1 - ' 8+ o(
A )
1 A
Py =E{X? 7/ 2 dr = —,
w =B = [atpde =
-A
342/3\ o
SDRag ~ 10log,, TR + 6n = 10log,y(1) + 6n = 6n
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4 | - ' 8+

B
Py —E{X?)} = /,1'2%(1.1' -7
;lf - ’

7

Pyis = Py + Ps.

Py
SDR = ——*
Py + Ps
(2k+1)(A/2)3+(B—(2k+1)A/2)?
Py = 3B s
Q+S A-AJ2 A2 (B—A+A/2)3
71T 3B

9( "~

SDRyp

B/Alas

EA< B < (k+1)A, ke {0,1,...N/2 -2}
B>A-%
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SDRyy

* +4 |

/ ~——
%0 s w0 25 20 15 10 s 0 5
[B/Alas
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el

Quantizahion epror:

q

AN

»\I\I\R[\ z
NN \j

\] \\J\}\J‘

s f P A A A
f I I
 Compressor Uniform Expander

quantizer h(3)
i
A
16 levels
Step 64A
16 levels
Step 324
Gleves | Totally
Step 164 L 128 positve levels
16 levels :
Step 8A i Smallest step
1 : A= 4/2018
16 levels
Step 42
16 levels | Average step
Step 24 162 = A/128
32 levls Largest step
StepA [0 640 = 4/32
: z
t +
N ¢ 4
A a4 Ta at
@ a6 5 4
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x—] ;rrrf T[]

Model: Q["]

X[ Y

Model :
o The guambzatuon noise (s whibe
o The Wut ewd the guauﬁéﬂﬁbn nolse are uncorvelated .

Reason:
o T# s alwost frue under reasonable assumptions.
o It gets more brue with swaller guambizatirn step.
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* 1l #&

* 7 Q[n] =Y[n] — X|n]
7 Rql0] = %
T

1. that fxo),x (w0, zx) = 0 holds for |zo| > A and for |zx| > A,

2. that fxo),x (o, %) is three times differentiable inside the square || < A, |zx| < A,

3. that fxo)x@w(—%o, —2x) = fx(o),x[x] (o, 2x) holds.

* 11 =H&

1 - > 17
fxio,xw (=20, —2x) = fxjo),xx) (%o, Tk) Ky,=K;3=0
2 7

A/2

< '7
olk .
rolk] — 0[k],  when A — 0,
I'Q[U]
I LINKOPINGS TSDT14 Signal Theory - Lecture 6
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* .
11 S5#&
. *
yE 7
A/2
rolk] = // 04k for0).Qk (90 @) dgo dqx
N
5+ * 7

Tooem (g, ax) =

2A 2A
A A
_ > > fxpl Y[A]((IO_A_ —+10A (IA—A——+1AA) [qo| < %MH < %
= io=1ix=1
0, elsewhere.
5+ 6 Ixponxp (g0 —A— % +i0A, qp — A — % +irA)
R A
. Ky + Kaqo + Kaqr + Kags + Ksqogr + Kegi + K7 (g5 + q3)**
./CQ[O]!J[}.‘](Q()- a) = A2
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Ky + Ky + Ksqoqr + Keqi + K(q2 + ¢})%/?
rolk] = / / Qoar 0 A3 L (% + a) dqo dap.
—A/2
. 7
A/2 A/2 A2
/ / G0k dgo dqy. = / / 4ok dgo dgi. = / / Qo4it dgo dgi. = 0
!3/2 —.A/2 —.A./Q
2 7
Ks2¢? + Krqoqr(q2 + ¢2)*/?
7Q // 5909k 2)21}‘(10 i) dgo dg.-
—A/2
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* .
1l #&
1 7
Ksq2q? + K1qoqr (g2 + ¢2)%/?
7(3 // 5904y 72)21A(10 i) dgo .

—AJ2
4 -7
Tk
|rolk]| < KA* |ralk]|

< 12K A2
7¢[0]

2 7

rolk] ,
rol0] — (k]

)y 7

b 0) : D (

when A — 0.
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1. that fxo,x(# (%o, zx) = 0 holds for |zg| > A and for |zx| > A,

2. that fxo),x (%o, zx) is three times differentiable inside the square |zo| < A, |zx| < A,

3. that fX[o]“V[k](f.'l,'n. —xp) = f_\»[n]__y[k](.lfg.:I:A-) holds.

147
T Cov{X[0], Q[k]} _ E{(X[0] — mx)(Q[k] — mq)}
pxelk] = ox0Q - ox0Q
< '7

pxolk] = 0, when A — 0, for all k.

TSDT14 Signal Theory - Lecture 6

3;),. 2

7
e Q[n] is uniformly distributed on [-A/2,A/2).

e (Q[n] is a white process.
e Q[n] and X |[n] are uncorrelated.
D) 7
rylK] = B{Y ()Y [n + K]} = B{ (X[n] + Q[n]) (X[n + K] + Qln + K]) }
=E{X[n]X[n+k]} + E{X[n]Q[n + k]} + E{Q[n]X[n + k]} + E{Q[n]Q[n + K]}

4 7
E{X[n]Q[n+ k]} = E{Qn]X[n + k]} = mxmq =0,
2 7
ry[k] = ry k] + g k] Ry [0] = Rx[0] + R [0].
I " TSDT14 Signal Theory - Lecture 6
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*
-7
Fxtoxm (=0, —2k) = fxpo).xp) (o, Tk)
Ifx(x). f()((l) ' mgo =myx = 0
rxolk] _ E{X[0]Q[k]}
pxqlk] = =
0x0Q ox0Q
! - 7
lPxalk]] < VI2KA/ox pxolk] = 0,  when A — 0, forall k.
) 7

g ( D (

TSDT14 Signal Theory - Lecture 6

II LINKOPINGS
() UNIVERSITET 2019-09-19 22

||
]

Quantvzation Ry [0] = Rx[0] + Ry, [6].

LA 1,

-1 |
Quantzatson Error
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A realszatron:

#

€
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: e

2 Interarrval time, T,
T —> ¢

Interasroval tvmes:
Ton & T, indep. for m#n
1‘1‘ *)= A CM" 1.2

L7 G e
Prix@=R =34F -, ¢20, kew B (8) = 1-€7%%, £.3¢

Pr [ X(¢+7)-X(9) =K =%—L”‘;k e tr08t30, kel

)
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SHS5&

Evpectation:  E{X()] = g"Pr{X(*) k] = At *m,‘g )
Variuce : Var {X(4)} = A¢ >fer t20
Power : ELXYH} = EEO] +Var§X(5 = At(1+A8)

Increments: X(4+¢) X6,
ACF (ost,¢,): rg(t,,t,) = ELXCE)X)] = EfX()(Xlh)-X4)+X ()]

= Ef (X(2)-X(o)(X ) -XC)} + E{X(4)]
Ludep imer, 04,42,

L e{ X(4)-XO}-EfX(8)-X 6N + E{X3

= At (At-A%) + AL (14A2) = AL (1+A%,)
ACF (o¢t,¢4): g (4,2,) = M (1+A%) (simalarity)
ACF(total): ry(t,4) = A minft, 4,4 + \2¢4-2,

TSDT14 Signal Theory - Lecture 6

II LINKOPINGS
() UNIVERSITET 2019-09-19 26

Nonoverlageing increments avre o dgpendent.

)

t=0

)
+ ° + £>0: + V@ =R&) = -ZC——-V({)
0 )
Y" "¢ ¢ % @ et
Initial concletion % v +v#) =0
ve) =Y,
Thes os the standard ex:wy/e of afurs?
v 1 ordler alaﬁlcrcaﬁ@l egmﬁon
° Solwtom: v() = Y-e R yor ¢ 20
~o‘37§4 L.
> ¢

ac
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. Envelope,
;7 P

Crystal receiver, an envelope detector,
first demodulator of standard AM:

[
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