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Half-Wave Rectifier

From the table: | y@) ry (1)

+ = [ 1% (0) — r% (1) + ry (7) arcsin (:iig;

X, X220, | ry(n)
0, X<o. 3

— rx(0) | rx(1) X (1)
—);_1{+XT+41|')1€X(0)+"’

Complete Maclaurin expansion:

g (0) L re(n) 1R &K @n =3y (0) [y (n)\ "
()= +47r)7fx(0)+"2:=227r'(2n—1) '?271)!!(7');(0))

n!l is semi-factorial (product of every second positive integer):

)]

More Non-Linearities

Situation
From The input to a momentary non-linearity is a Gaussian process X (t) with mean
Tables & Formulas, my = 0 and auto-correlation function ry (7).
Page 15.
Identities
Y(t) ry(7)
X2(t) 2r% (1) + 1% (0)
X3(t) 6r% (1) +9r% (0)rx (7)
X4(t) 2474 (1) + 72r% (0)r% () + 9r% (0)
X5(t) 120r% (7) + 60073 (0)r% () + 225r% (0)ry (7)

X, X20, [ ry@r s (ry(r
{ xj)ﬁ-%[ rX(O)—rX(‘r)+rx(7')a,rcsm(mi(0))]

0, X<O0.

(0) ()
rx +rx47 +

sgn(X) 2 arcsin (%)

rk(r)
e @ T
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6!!=2.-4-6=148 and M=1-3-5-7=105.
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Saturation

-4, X<-A g(x)
Y=gX)={x |Xl<4 4
A X>A
} X
—A A
A1
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Saturation PDF

-4, X<-A 4
Y=gX)=4X, IX|<A + x

p1 = Pr{X < —A} = f f (o) dx

gx)

A X>A
-A

—-A

py = Pr{X > 4} = f f () dx
A

fr @) = fe(y) - rect (%) _ {fxgy). ellsyelwsh ;4r e

fr) =pi6(y+A) + fr() + p26(y — A)
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Saturation Distorsion

~
_1 | ;\

o 0 [o4]
Pg = E{§?%} = fszfs(s) ds = fszfX(A—s) ds+f s2fy(—A—s)ds
—oo —00 0

o -A
= f (x — A2 fx(x) dx + f (x + A2 f(x) dx
A —oo

SDR - Signal-to-Distorsion Ratio

Py P
_ X
SDR - 5 SDRdB = 10 . loglo -_—
PS PS
TSDT14 Signal Theory - Lecture 6
II u LINKOPINGS
() UNIVERSITET 2019-09-19 7

Saturation Error

S=Y-

—~A-X, X<-A .
X=gX)-x=1{ 0,  |X|<4 - N
A—-X X>A

A
p3=PdM|SA}=Afﬁ@@dle—P1—P2
-A

fx(A—s) s>0
fs(s) = 0 s=0
fx(A—s) s<0

fs(s) = fs(s) + p38(s)
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Quantization Principles

x— " ——y

L 1, I, 1, I I Iy

U WD U S —

VRV

+ + t + + t t > g
[}
U R N s I N
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Uniform Quantization 4, yox

A,
A s
A-L, x>A fo
- =d2.)x] -A
y=3()={ T+[a] 4, Ix|<A : T
A .
_A‘*‘il X<"‘A N-D = 2A
N= Mumber off steps
1-A
Quamt zatbon enor:
$ S‘aa'm‘ew
L -
NN NN AR AAA
_A\J\I\I\I‘T%\I\I\l\l x
Saturabion
Saturanor 1=g‘x=9(")~x'
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Quantization Distorsion 2(2)

¢ L w=x-
2 - k
e Jn i § et e /20
N B2 i z N A2 .
=2 tuw) da = u?. du
& é/z w fx (get w) n kz_‘ );h fz (4)
Dsmall
w small
N o2 2 N . N 2
= A ~ -
=Zfxl) W = Gz ofela) > £ 2 Prixeld = 4o
i " e
=A?/12: =
Ercor dusbabution . Aprox. wusformly disty. over [-4 4§
Genera dg withouwt saturation :
R<L  sice |@ <2
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Quantization Distorsion 1(2)

X—>_r,f'r—>Y

The evror: Q=Y-X = g(X)-X

Quantizatren distorsion: -
B = Ef6Y = Ef5(X)-X= §(3-9f () ot
Assumpér'ms :

1. No saturabion: }‘X(x) =0 )(or lxl = A
2. NMice dustwhubson : fx(X) contrhuous for Ix|< A

3. Jmall A: fx(x) approx. const. cn cnbervals of la.gﬂt. A,
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SDR for Uniform Quantization

Still limited to [-A,A] and nice enough distribution.

A2
. 5 1 A? A? Py 3Py . 3Px _.
P, =E (23 = / ¢C<dg=— = — = SDR = — = = N2 — X g2n
o =E{Q"%} J A 12~ 3N? P, A? A2
-A/2
3Py 3Py
SDRyp = 10log,,(SDR) = 10 lugm< 4_‘;) +n-20log,,(2) =~ 10 lug“,< 4_;\) + 6n.

Example: Uniform distribution over [-A,A].

A
Px =E {‘\’2} = /.1'2%{1.1' = %

—-A

3A2/3
SDR4p =~ 10 l()g“,< /

T) + 6n = 10log,,(1) + 6n = 6n
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SDR for Uniform Quantization with Saturation

Uniform distribution over [-B,B].
B 70
P_\v:E{_X‘}:I/.r‘E(l): S N
-B
Q and S uncorrelated: £ of
30
Poys = Pq + Ps.
P . 101
SDR = — X
Py + Ps .

A-A)2 (B—A+A/2)3
51zt 3B

=%

(2k+1)(A/2)3+(B—(2k+1)A/2)3
_ 3B )
Poys =

EA< B < (k+1)A, ke {0,1,...N/2 -2}
B>A-%
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SDRyy

SDR for Non-Uniform Quantization

Uniform Quantization Non-Uniform Quantization

e .

SDRyp

/
oo

y
/\

) /S
° 13/ n=10/ =6/ n=1/ n=3/ ° /
~ ~ ~ 7
/ / /. .
-40 -35 -30 -25 -20 -15 -10 -5 0 5 10 -40 -35 -30 -25 -20 -15 10 -5 o 5
[B/Alas [B/Alap
TSDT14 Signal Theory - Lecture 6
II u LINKOPINGS
() UNIVERSITET 2019-09-19 15

Non-Uniform Quantization

Happlg:

v yzT

Quantizahion epror:

\I,\\j\\l\h N\V\N\j\ .

Realization

. Compressor Uniform Expander
() quantizer ()
3
1a
16 levels
Step 64A
16 levels
Step 324
16 levels Totally
Step 164 128 positive levels
16 levels
Step 8A Smallest step
R A= A[2048
16 levels
Step 4A
16 levels | Average step
Step 24 164 = A/128
32 levels. Largest step
Step A H 64A = A/32
H £
t
H
A4 A 4 4 4
@ % o6 5 4
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Modelling Quantization of a Stochastic Process

x—] ff T[]

Model: Q["]

X[ Y

Model :
o The _’a—mﬁmﬁ‘oﬂ noise s whibe
o The Wut ewd the guauﬁéﬂﬁbn nolse are uncorvelated .

Reason:
o T# s alwost frue under reasonable assumptions.
o It gets more brue with swaller guambizatirn step.
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The Quantization Noise is Almost White 1(4)

Quantization Noise: Q[n] =Y[n] — X[n]|

A
Model of PSD: Rolt] = 43

Assumptions:
1. that fxo),x (w0, zx) = 0 holds for |zo| > A and for |zx| > A,
2. that fxo.x(x) (0, 7x) is three times differentiable inside the square |z,| < A, |zx| < A,

3. that fxo)x(=%o, —=k) = fx0].x[x)(To, zx) holds.

Objective:

ralk] sy

Show rol0] when A — 0
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The Quantization Noise is Almost White 3(4)

What about all those coefficients? Symmetry:
Ixpo1.x k) (=0, —7k) = fxjo).x%)(To, Tk) = Ky=K3=0

Result:
A/2
K+ Kiqs + Ksqoqr + Keqi + K1(q3 + q3)*?
rqlk qoqxk Az dqo dg..
a2
Observation:
AJ2 A/2
/ / qoqr dqo dgy. = / / 4ok dgo dgi = / / Qi dgo dgy, = 0
-A/2 -A/2 -A/2
Result:
ar2 2 2 i 2 2\3/2
Ksq5qi + Krqoqi(q5 + i)
rolk] = / / Gapar + K 1“2“(([” B 1o dae.
A
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The Quantization Noise is Almost White 2(4)

ACF of the Quantlzatlon Noise for k # O:

rolk] = // GoarfQi0.Qk (90, qx) dgo dgs

-A/2
2-D PDF of the Quantization Noise:

fo.om) (g0, qr) =

2A
Y
Z fxi01,x1%) (q[, —A- % +i0A, qr — A — % + iA.A). [qo0] < % lg| < %

Ly,

24
i
io=

0, elsewhere.

2-D Taylor series expansion of fxo.xp (a0 —A— 5 +ioA, g — A— 5 +irA)

gives us:
f B Ky + Ksqo + Ksqr + I\--l(l(:f + Ks5qoqr + Kh‘lz + 1\'7((1(;1) + (Ii):‘/2
; Q[()},Q[A-](([l)- Q) = A2
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The Quantization Noise is Almost White 4(4)

We had:
rolk] = // Ksqpqi + Kv r/nfu(r/n +q)°? (h[“ da.
~A/2
Upper bound:
[relk]]
olkl] < KAY = < 12K A%
|1(2[ H 1 ,Q[()]
Result:
olk )
rolk] — d[k],  when A — 0.
rq[0]
Conclusion:

Almost white. Closer to white as A decreases.
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Input & Quantization Noise Almost Uncorrelated

Same assumptions:

1. that fxo)x (2o, zx) = 0 holds for |zo| > A and for |z| > A,

2. that fxo),x (%o, zx) is three times differentiable inside the square |zo| < A, |zx| < A,

3. that fxo,xx(—=%0, =) = fx0].x[x)(Z0, zx) holds.

Normalized cross-covariance:
Cov{ X[0],Q[k]}  E{(X[0] — mx)(Q[k] — mq)}

ox0Q ox0Q

pxqlk] =

Objective:

Show pxglk] = 0, when A — 0, for all k.
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Quantization — ACF & PSD Relations

Assumptions:
e Q[n] is uniformly distributed on [-A/2, A/2).
e (Q[n] is a white process.
e Q[n] and X|[n] are uncorrelated.
ACF of output:
ry[k] = E{Y[n]Y[n + k]} = E{ (X[n] + Qn]) (X[n + k] + Q[n + A])}
=E{X[n]X[n+ k]} + E{X[n)Q[n + k]} + E{Q[n]X[n + k]} + E{Q[n]Q[n + k]}.

Uncorrelated processes:
E{X[n|Q[n + k]} = E{Q[n]X[n + k]} = mxmq =0,

Result:
rylk] = rx[k] 4+ g [K]. Ry [0] = Rx[0] + R [0].
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Modelling Quantization Noise

Observation:

Ixo.xw (%0, —2k) = fxio).x k) (To, Tk)

= [x(z) &folq) even = mg=myx =0
rxqlk] _ E{X[0]Q[k]}

Ox0Q Ox0Q

= PXxQ [/\] =

Similar reasoning as before:
|oxolk]| < VI2KAJox = pxglk] = 0, when A — 0, for all k.

Conclusion:

Almost uncorrelated. Less correlated as A decreases.
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Quantization — Power-Spectral Densities

R [0)

i 1L,

Qmﬁmﬁx‘:ﬂ( 4 B[] = Ry (6] + Ry [6].

s 1,
-1 \ |
Quantizatson Error
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Poisson Processes 1(2)

A coa-vuhmé process, X B). Teme contbonuows & amplibusle disarede.
Counting the number off arrcvals sofar.

Examples : A realszatron:
Customers eoa‘t/dxg a shop. :
Cars passing by .
Pado-ackive : SR
1"‘3“{ (‘WQ ,,WO 2 Interarrvel time , T,
Packets in a network I —t
mecrh'% of a stationary Posson process: Interarrival tvmes:
X(0) =0 Ton & Ty indep. for m#n
X(#) < X() o f',‘étz. $.0)= A c'\t" £.30
-At
PriX(+)=k3 = _L_ A tz20, kel ()« 1 M g 50
PriX(e+7)-X()= K - ﬁ “', 1304t 20, kel
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A Simple BP Filter v;:(t) R L% ]rc V,;(t)

4 K|
Fr response :
T
o5t R+ 52l -9 yeLc
L fm://o f; /0=7£ ool YZ
argiH@®)} _
/% o= —Ley
7 | f Zmlc’
_ﬂ,Q._
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Poisson Processes 2(2)

Evpectation:  E{X()] = gtpr{x(o k] = At *m,@ )
Variuce : Var {X(4)} = A¢ — for tz0
Power : E{XYO} = EEA] +Var§X(S = At(1+A8)

Increments: X(¢+t) ~XE). Nonoverlageing increments ave a‘mépcm.

ACF (ost,¢,): rg(t,,t,) = ELXCE)X)] = EfX()(Xlh)-X4)+X ()]
= Ef (X(2)-X(o)(X ) -XC)} + E{X(4)]

I—tqofw, 0<t, ¢,
2 E{ X -X@F-EfX(6)-XT @) + E{XU)

= At (At-A%) + AL (14A2) = AL (1+A%,)
ACF (o¢t,¢4): g (4,2,) = M (1+A%) (simalarity)
ACF(total): ry(t,4) = A minft, 4,4 + \2¢4-2,
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Discharging a Capacitor

t=0

'@
t ° + €>0: + V@ =Rt) % - zc—— vid)
71 N ()
iR | ek

Inibal cordlition % v +v#) =0
)=V,
Thes os the standard em.a%e of afurs?
v 1 oroler alaﬁlcrca-ﬁa/ egmﬁon
1 t 2
’ Solwbon: v(E) = /kC ylor 20
~o‘37§4 +..
. £
RC
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Amplitude Modulation

* The first technique used for radio broadcasts. _
Mikael Olofsson

* Alinear modulation technique.
ISY/CommSys

¢ Simple to analyze.
* Simple demodulation.
* Noise sensitive.

www.liu.se

ignal Theory - Lecture LlNKODlNGS
|| LINKOPINGS TSDT14 Signal Theory - Lecture 6 Ilo UNIVERSITET
[ ) UNIVERSITET 2019-09-19 29

Amplitude Modulation — Deterministic Case

Standard AM: Envelope, A - (C'+m(1))

3
z(t) = A- (C +m(t)) cos (27 ft) 2 “ ) ‘” '\H\M
vl
1 “H ‘“ ‘HH‘HHHH\H HMH\“‘M‘”‘\‘H“‘“HM‘HHM
Crystal receiver, an envelope detector, o “H \‘m\;\w‘ H‘Wm‘“””‘u\\”
first demodulator of standard AM: ! ‘HW li ‘HM‘ "HH ‘\m(t)
-2 ‘ ‘
antenna, _371 ‘1
diode 3
BP filter LP filter /
1 I ‘
N MM”‘M“ Il H \MH\ \MHJM“H” “H”H\H\
0
7 i w\\ G
phone 1 H H\“ MHH MMMMH
\h il m ww\w)

=1 1
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