TSDT14 Signal Theory
Lecture 11
Multi-Dimensional Processes — Primarily 2-D

Mikael Olofsson
Department of EE (ISY)
Div. of Communication Systems

II LINKOPINGS
() UNIVERSITET

Example: 2-D Filtering

Source: http://www.grand-illusions.com/opticalillusions/angry_and_calm/
Does not seem to be there anymore.
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Multi-Dimensional Signals & Systems
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Two-Dimensional Signals

a,

A function of two variables  _is
x(a,,a,) (space-continuous)
x[n,n,] (space-discrete) o

Separable signals: 1
x(ay,a,) =x,(a))- x,(a,)
x[n,n,]1=xn]1-x,[n,] 15
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Classification of Systems

Linearity: Input x,(a,,a,) gives output v (a,.a,).
Input x,(a,,a,) gives output v,(a,a,).

Then input  a-x,(a,,a,)+b-x,(a,,a,)
gives output a-y(a,.a,)+b-y,(a,,a,).

Space-invariance: Input x(a,,a,) gives output y(a,,a,).
Then input  x(a, —b,,a, —b,)
gives output y(a,—b,.a,-b,).

LSI: Both linear and space-invariant.

Similarily for space-discrete systems
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Two-Dimensional Stochastic Processes
Mean: my (a,,a,)=E{X (a,,a,)}

Auto-correlation:  ry(a,,a,;a, +b,,a, +b,)=E{X (a,,a,)X (a, + b, ,a, +b,)}

Wide-sense stationarity:
Both m, (a,.a,) and ry(a,,a,;a,+b,a, +b,) independent of (a,,a,).

Simplified notation: m, and 7y (b;,b,)
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Two-Dimensional Convolution

For LSI systems, the output is given by a two-dimensional convolution of
the input and the impulse response of the filter.

Definition: (x@h)a,,a,)= T Tx(b,,bz)h(al ~b,,a,—b,) dbdb,

Separable signals: (x@h)a,,a,)= ”xl x)(b,) h(a,~b) h(a,—b,) db,db,

= Txl(bl)h,(a1 —b)db, TJCZ(bZ)hZ(a2 —b,)db,

=(x ) (@) (x, %1y )(a,)

Space-discrete: (x@h)n,n,]=>" " xlk,. k, |- Bl = k.0, =k, ]
kK
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Non-Separable Convolution 1(2)
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Separable Convolution 1(3)
x(a,a,)=h(a,a,)=

L af<172 and |a,|<1/2

- 0, elsewhere

=2(a) 2(a,)
with z(a)=rect(a)= {

1 |a<1/72

0, elsewhere

Separable signals % s
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Non-Separable Convolution 2(2)

Y(alvaz): (X®h)(a1’a2)

:{Zarccos(a/Z)—a\ 1-(al2)?, a* :af+a§ <4

0, elsewhere
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Separable Convolution 2(3)

y(al ) a2)= (x®h)(a1 ) “2)
= max{O,l - ‘al ‘} max{O,l - ‘az ‘}
= triangle(q, )- triangle(a, )

A
I
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Separable Convolution 3(3)

)’(alvaz )= (x@h)(a] ’az)
= max{0.1 - |a, [}- max{0,1 -, }

= triangle(q, )- triangle(a, )

Scaled
graphic

2-D Space-Discrete Fourier Transform

Definition:

Inverse:

Properties:

X[el’ 92] = ?{x[nl,nz]}z sz[n] vnz]eijm(glwgzw

noon

11
Alay,a,]=F{x16,6,1}= [ [ X[6,6.]e” " ag,de,
00

x6,.6,]= x[6,+m,,6,+m,] forintegers m and m,.
F{xln,n, It= F{F ., [t = . {F xln o, I}

Fluln ] xln = [ I 9.0, [, ]t
Fle@nln,n,lt=x16.6,]- Hl9,.6.]

F{xln,,n, ] hln,,n,[}= (X@ H)[6,,6,] (periodic conv)
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2-D Space-Continuous Fourier Transform
Definition: X(f, £,)=F{xla,a,)}= T Tx(a],az)e”’z"(f"""fz“z’dalda2
Inverse: Man@) =F X )= [ [ X pe s,
Properties: 9:-{x(“l’“z)}: ?]{?ﬂz{x(awaz)}}: ?;{?]{x(alsaz)}}
?-{xl (“1 ) X5 (az )}: ?-[{xl (“1 )} 9:-'z{xz (az )}
?{(x@)h)(al’az)}: X(fwfz)'H(fl’fz)
?{x(“waz)' h(‘ll’“z)}z (04 ®H)(fla fz)
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Power and Power Spectral Density

PSD:

Power:

Ry (fwfz ?{rx b b I _[ x(bl’bz)‘;ﬂ”(hb'”zbz)dbldbz

P = E{XC(a.a)}= 5 00)= [ R ),

Output of LSI-system if input is WSS:

Output:
Mean:
ACF:

PSD:

Y(a,,a,) = (X®h)(a,,a,)

my, =my I J.h(al,az)dalda2 =m, - H(0,0)

ry(bl’bz) = (h®i/;® rx)(blsbz) With I:Z(a]saz) = h(_al,_az)

R(f. ) =lH(f £ ) Ry (fin )
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Two-Dimensional Sampling

Deterministic (for rectangular grid):

Sampling: yln.n, = x(n,An,A,)
Sampling periods: 4, and A2
-k
Spectrum: qENAE ZZX( 2)
1 ki ky AZ
Probabilistic (for rectangular grid):
Sampling: Y[nl,n2]= X(nlAl’nZAZ)
6 -k, 0 —k,
PSD: Ry[elaez] ZZ [ J
l 2 AZ
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Two-Dimensional PAM

Deterministic (for rectangular grid):

PAM: 2(a,a,) =YY y[n.m,Ipla, —n,A ., —n,A,)

mom

Spectrum: Z(f. £,)=P(f.. /) Y[£A. /A ]
Probabilistic (for rectangular grid):

PAM: al az Zzy[npnz _”1A1_\P]vaz_n2A2_\Pz)

¥, uniform on [0,4,) and ¥, uniform on [0, 4,)
both independent of Y[n,,n,]and of each other.

PSD: R,(fi. )= A2| (f. LY R LfA.L 4]
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