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DFT — Avoiding Aliasing

X [r] = % x[h-cL]
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v x[n] x[r-L]
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If L<N, then we get overlap and aliasing in the time domain.

Therefore: Demand L=N.
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DFT — Signal Analysis

Time-discrete signal with limited duration:
x[i]=0 for ng{on, .., N-i§

¢ . N-l &
Fourier transform: X[&] = %x[n]e"me" = 3 xfn]edFOn
n=0
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DFT — Periodic Convolution

We areused to:  ylw]=(xxh)[w] <> Y[e] = X[e] #l6]

But we have: glel= x[w]-hl] <= Z[e] = SZ[#] Hle-#] al/
With DFT: y[d =X [H-H[K <
Ll e &
[l = ToFT{ X[ #.[}= 1 Z LLIH[e™
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And also: gl = xF-h ] <& F[d =-}_—3:.°XL[M] H,[k-m]
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Examples of Windows, N=32

Rectangular window: win] =1, ne{0,1,...,N-1}

win] (Wislp V4 Y2 Yo 1
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Hamming window: win] = 0.54 - 0.46co0s(2), ne{0,1,...,N-1}
il Dy o % Y !
: ()
* W .
n - loo|
Blackman window: wn] = 0.42 — 0.5cos(Z=) + 0.08cos(34),
nei0. .. N-1)
IWidh oy Ve 3/ !
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Ergodicity again
A WSS process:
Tome auémge of ene yealizatin: mr =g S x () £t

Tme average of the process: My = 3 TS X (£) Lt

T T
E{ M3 < Ejz= (X0 at{ = % § Eix@i 4 =—,};_IT wg df = g
Defimition: Tf L E{(My-mg)*] =0 thon (&) &4 said tobe
ergml»c with respect hm mean, and ure write

my = _'(_,_,c; F-STX&) dt

(lUmes cn mean)

Loterpretation: The fume avernge of a realizatvon is very close fo the
ersemble megm. with a ’mﬁubblof; that 2 Vtr}
cose o £ ( 24, T-e0). .
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Using Windows

Signal:
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Rectangular window:
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A Signal
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Estimating a General Parameter

X[n]: An ergodic time-discrete process, with realization x[n].
Estimation of a general parameter ay, i.e. some ensemble average:

ay = g(x[0],x[1], ..., x[N — 1])
Corresponding stochastic variable: Ay = g(X[0],X[1], ..., X[N — 1])

Bias (difference from actual value): B = E{AX} —ay

Unbiased estimate: B=0

Asymptotically unbiased estimate: B -0 when N - o

~ 2 a~
Variance: 04, =E {AX }— E2{Ax}
Quadratic error: e =0;,°+B*

Consistent estimate: €2 >0 when N »
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Blackman-Tukey’s Estimate of the ACF 2(2)
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Blackman-Tukey’s Estimate of the ACF 1(2)

ACF of a WSS process: ry[k] = E{X[n + k]X[n]}
N—|k|-1
Blackman-Tukey’s method:  #4[k] = N Ik] Z x[n + |k|]x[n]
n=0
Mean: E{fx[k]} = rx[k]

Variance, assuming a Gaussian process with mean zero:

1 1
|k| < N: 07, 2[k] = N Tl Iml;_lkl <1 —N o |k|> (r¢%[m] + ry[m + k]ry[m — k])

Fixed k: o7, [kl = 0 when N - oo

Problem: Large k, Ex. k = N — 1 o7, 2[k] = r%*[0] when N — oo
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Bartlett’s Estimate of the ACF 1(2)

N—|k|-1

Recall Blackman-Tukey: Px[k] = N—;“d x[n + |k|]x[n]
n=0
1 N—|k|-1
Bartlett's method: xlk] = N Z x[n + |k|]x[n]
n=0
Mean: Ey K]} = (1= 50) k] > ry[k] when N - o0

Variance, assuming a Gaussian process with mean zero:

|k] < N: 07, 2[k] = % (1 - M) (ry%[m] + ry[m + klry[m — k])

N
[m|<N—|k|
All k: 07, 2[k] > 0 when N - oo
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Bartlett’s Estimate of the ACF 2(2) Periodogram
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Estimating the PSD 1(2) Averaged Periodogram

PSD of a WSS process: Rx[0] = F{rx[k]} 6
Observed sequence: x[n]
sl
Considered part of sequence: xy[n] = x[n], 0<n<N
vnl =
0 elsewhere al
1 oo}
Bartlett’s estimate of the ACF:  fx[k] = N Z xy[m + klxy[m] o
m=—oo
Estimate of the PSD: Rx[6] = F{ix[k]} 2
k=—c0 m=-—o m=—oco k=—o
= Xul8] D xylmleTOm = Lxy 01, [0] = - Xylol Sl U TR
NN N NN N NN periodogram ’ ’ 0 ' '
m=—co
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Estimated PSD using Rectangular Window
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Smoothing — Overview

Raw periodogram Averaged periodograms

.

Smoothing - Rectangular Smoothing - Hamming
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Estimated PSD using Hamming Window
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