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(Non-)dependencies of Multi-Dimensional Variables

Mutually Independent: Pairwise Independent:

) The variables X; and X
= e variables X; a i are

Fs — Fy (x: 12 ]
*(®) li:o[ i (x0) independent for all i # j.

U U

Mutually Uncorrelated:

Pairwise Uncorrelated:

Bl [t =] [Eoxo =
[ iel l} iel l The variables X; and X; are
Foralll c {1,2,...,N} uncorrelated for all i # j.
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Multi-Dimensional Stochastic Variables

Joint Probability Distribution:
FX1'___’XN(X1, ...,xN) = PT{Xl < X4, ...,XN < xN}

Joint Probability Density:
aN

le,...,XN (X1, s xy) = m Fx, . .xy (X1, s XN)

Vector notation:

)? = (Xlt -"ﬂXN)’ X = (xll "-'xN): F}?(f)7 f)?(f)
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Jointly Gaussian Variables
i=(X,)...)I~) Vs called Jomf@ Gawsscan Jf the /vﬂewug hotds -

/ - K (x-m)"
2 = Gy ©

e EfE] as(PIN) - ceimx

. v
If X,,., Xy are purwise uncorvelated. => N = %... Oz) =
o %,

/ 43 Giorm) ' J
> fi(’?) = W e v % = ;?,’&a (=)
‘ + Independent
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Stochastic Process

X(m K1)
t
X(o) t)
t
X(wgt)
t
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Examples of Stochastic Processes

Ex1: Finite number of realizations — This one is EPP:

X(Y = sin(t+®), @€ {0,7n/2, m, 31/2}

Ex 2: Infinite number of realizations — This one is EPP:

X(H = Asin(), A~ N(0,1)
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Exactly Predictable Process

Definition:
A process is said to be exactly predictable if there exists a
finite interval

t<tst

such that it is enough to know a realization in this interval to
know the whole realization.
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Examples of Stochastic Processes cont’d

Ex 3: Infinite number of realizations — This one is not EPP:

X() =Y Acplt—k),  p( ={SOS(M), |t]<1/2
> elsewhere

{A independent, N(O,1) f 5
=2 Y2
A realization:
NN 3
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Distributions and Densities

One fame instance

Distr'bwbion:  Fyp() = Fr{X(#)<x]

Dersity: e ® =% P ()

Two tume instances
Distnbubven : Rt X () (x.%) = Pri () =x, X"ﬁ‘z) =x,3
Density Freoze) (%) =5ms Pty (%)
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Multiple Time Instances

VCCLLOI“ na'l’wﬁen f = ( 1) 2) ) t”)
X(Z) = (X¢), X)), .. X(4,)

; =(X,) )(2) vy XN)

Dc'stn'éu‘hbru FX({) (7) = Pr{,‘Z(t) £ x, X@—z €% ..., X(-é”)é x~3
. (__ al\/ (_
Density : e ® = ox o, X0 ®
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Examples of Distributions and Densities
XE = A s 6{'), A s a stochastaic vanable

Fr®) = PrEX €x3 = PriA-sdu(¢) < x3

Pr i" e } = FA(T«.‘:'ZH) ) £: sh(®) >0
Pr{ 0<x} = wu(x), t: sen(® =0
Pr{A z;ﬁz‘g = |- FA(?;TXZT)'); £:snl$) <o
o h(Zm), £ sult) > 0
ﬂ(é)(x) =—‘3—wa(x) (X) 4: seh(#)=0
5,;“(4,) ﬁ(+) +: st (‘t‘)‘ 7
{5(*), t= kT, ke
fsh:(t)l ' '('A(sz:(ﬂ) , clewhere
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Ensemble Averages

Mean: me (£) = E{X(6)3 Auto- comrelation funchion (ACF):
= _zx&(t)é{) dx l(t %)= E{X(f,)xa}_)g

0 ﬁx, zfx(e),x&‘) (l‘: x,) dx, d’fz
y . - (2 '«
Quadrcbve meae: EZX’Zé)f .LX fx({.)()alx Symmctrgs 1 (4, ) 64
Varvance : e = E{(X(é) '”k‘-‘"’)z; Power : (%) = E§X YT
= EHIWS - mp®) Speunlcase: X) fen of stockvar 4:

X[ = 3 A

Std devition: 0y (0)
b, t,) = jgcf 2)3(t, ) {h(@ oo
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Example of Ensemble Averages

XH#) = Asin(®), 4 s a stockasbc varable

o0

g $rfrun) de =T asintd-fy (o) da = sinl) Jaty (ersin ()

EJX'HY =_L fgp ) dx =_T(“"““(“))z- L@ da- s0), i (@) do = si™8)- £5 A%

02 ® = EFX0Y - mi (O3 = sn*@) (E{M] - wd) = sand) - o

¢, L) = Sa. sl4)- a- sm(éz) fA(&) da
sm(é, Ysou(4,) - 5 1]‘,. (=) da
30n(8)-sn (&) - E{A‘i

Stationarity 1(2)
Stationarity is statistical invariance to a shift of the time origin.

Definition:
Consider time instances t = (t,,...,ty) and shifted time instances
U=1t+ A= (t+A,...,ty+A). The process X(?) is said to be
stationary in the strict sense (SSS) if
Fyg)(X) = Fxg)(X)

holds for all N and all choices of £ and A.
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Equivalence:
Fyp)(X) = Fxa)(X) < fxg)(*) = fx)(®)
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Auto-Correlation and Auto-Covariance

Auto-correlation (ACF):
x(t1,t —E{\ //l,:;f\,l X(t) (X1, T2) dy dg,

rx(ti,ta) = rx(t2, 1)

Auto-covariance (related concept):

Ax(tr,t2) 2 E{ (X (1) = mx (t) (X (1) = mx(t2)) }

Ax (ti,ta) = ry(t,ta) —mx (t)mx(ta).
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Stationarity 2(2)
sta,t.°°
Mean:  my (%) =_£oxf1(*) () dx i_sm"‘lx(fﬂ-\) (@ clx = wm(4ta) Yo

o9

ACE: . %) = = %o xce (1) ol dlxa
’.SZ )(' ""'Lx(é,w),x(tzw)("'/ Xp) b x, dx,
= rg(t,+d, t,+4)

Notation: mp  and rx (z)

Wide sense stationarity, definition:

If the above holds, then the process X() is said to be
stationary in the wide sense (WSS).
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Gaussian Processes
Recall: X = (X,...,Xp) is called Jointly Gaussian if the following holds:
I G- K (R
= ® = oy ©
= _ = "Il ALY -
m = E{T] A= (M- AW) Mg = Cof®i, X3
Definition: A stochastic process is called Gaussian if all its

Theorem:

multidimensional PDFs correspond to jointly Gaussian
variables.

A Gaussian process that is stationary in the wide sense is
also stationary in the strict sense.
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Ergodicity 1(2)

A WSS process: mg = Ef X(#)]
T
Time-average of one realization: mp =g § x() ot
-T

Time-average of the process: My = ;_‘;- Tf X (£) Mt
T

T T
E{H;§ = E{z‘;_S:X&) o = % § EIX bt =3F fmp bt my

Definition: If oy E{( My —mx)zz =0 then X(t) is said to be
ergodic with respect to the mean, and we write

wy = L . m — S X(t) ¢ (Limes in mean square)

Interpretation: The time-average of a process is very close to the ensemble
mean with probability that is very closeto 1 (- 1,T - o).
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Power-Spectral Density (PSD)

Definition: Fourier transform of the ACF:

Ry (f)

Inverse:
rg (%)

Power:

E{X ()3 = rg (o)

]

P = §r@e ™ ge

P e = § Relp T

- S at
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Ergodicity 2(2)

Definition: A process that is ergodic with respect to all ensemble
averages is simply said to be ergodic.

Theorem: An ergodic process is SSS.

Theorem: A SSS Gaussian process with mean zero is ergodic if and
only if its PSD has no impulses.

Theorem: A SSS process, X (t), is ergodic with respect to its mean if
and only if

L.c. —L 1) dt = z
T—e: S (%) "z

holds.
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