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Nonlinearity Issues  
2.1.2-3, 2.2.1-2, 2.2.4-5 
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• Definition
• Modeling Nonlinearities
• Effects of Nonlinearity

– Harmonic Distortion
– Gain Compression
– Intermodulation

• Characterization of Nonlinearities
• Cascaded Nonlinear Stages
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Nonlinearity Issues 
3

• Definition (2.1.2)
• Modeling Nonlinearities
• Effects of Nonlinearity

– Harmonic Distortion
– Gain Compression
– Intermodulation

• Characterization of Nonlinearities
• Cascaded Nonlinear Stages
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Linear and Nonlinear Systems
4

• A system is said to be linear if it follows the superposition rule:

• A system which is not linear (i.e. does not follow the 
superposition rule), is nonlinear

   
If

X1(t) Y1(t)

X2(t) Y2(t)

then 

aX1(t) + bX2(t)  aY1(t) + bY2(t)
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Example - I

A cos ω1t G * A cos ω1t

ω1-ω1

Output contains the same frequency 
components as input, they are just stronger 

Vout = G * Vin

5

linear
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Example - II
Vout = G * Vin

6

A cos ω1t
B cos ω2t

G * A cos ω1t
G * B cos ω2t

Both inputs are amplified by the same amount

linear
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Example - III
Vout = G(Vin) * Vin

7

nonlinear!

K1 cos (2ω1-ω2 ) t
A’’  cos ω1t
B’’ cos ω2t

K2 cos (2ω2-ω1 ) t

A’ cos ω1t
B’ cos ω2t

Different tones are 
amplified differently

New frequencies 
appear at the output

Input signals are stronger now
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Always check....
8

• In reality, systems behave linearly only under specified 
conditions 
– Input level
– Bias
– Load impedance
– …

• Always check if these conditions are met before 
assuming linear operation!
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Time Variance
9

• A system is time-invariant if a time shift in its input 
results in the same time shift in its output.

If y(t) = f [x(t)]
then y(t-τ) = f [x(t-τ)]

• Time-variant = response depends on the time of origin.

• The system has ”memory”, ”memory effects”.
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Nonlinearity Issues
10

• Definition
• Modeling Nonlinearities (2.1.3)
• Effects of Nonlinearity

– Harmonic Distortion
– Gain Compression
– Intermodulation

• Characterization of Nonlinearities
• Cascaded Nonlinear Stages
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Nonlinearity: Memoryless and Static System
11

• The input/output characteristic of a memoryless or 
static nonlinear system can be approximated with a 
polynomial.

linear

nonlinear
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Why model? Why not the ”right” thing?
12

• Nonlinearities often have physical origins.
• For analysis and computer simulation purposes, the physical 

phenomenon should be described by a mathematical model.
• Here we use Taylor Series for modeling nonlinearities:

Vout(t)= α0 + α1 Vin + α2 V2
in + α3 V3

in+...

α1 = [∂Vout/∂Vin]Vin=0

α2 = [∂2Vout/∂Vin
2]

Vin=0

α3 = [∂3Vout/∂Vin
3]

Vin=0

...
• Accuracy of a model is usually limited to the range of input level
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Example
13

• RF amplifiers usually exhibit nonlinear behavior for 
large input signals, typically as shown below

We will approximate this behavior with a Taylor serier 
expansion
Vout = α1 Vin + α2 V2

in + α3 V3
in+...
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Example
14

Linear Approximation
– Valid for limited input levels
– α1 is often called linear gain Vout

VinVout = α1 Vin
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Example
15

More terms should be added 
as we wish to extent the validity 
of the model Vout

Vin
Vout = α1 Vin + α3 V3in
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Example
16

More terms should be added 
as we wish to extent the validity 
of the model Vout

Vin
Vout = α1 Vin + α3 V3in + α5 V5in
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Nonlinearity Issues
17

• Definition
• Modeling Nonlinearities
• Effects of Nonlinearity

– Harmonic Distortion (2.2.1)
– Gain Compression
– Intermodulation

• Characterization of Nonlinearities
• Cascaded Nonlinear Stages
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Effects of Nonlinearity

x(t)                    y(t)= α1 Vin + α2 V2
in + α3 V3

in+...

18

DC Fundamental Second  
Harmonic

Third 

Harmonic

• Consider a nonlinear system

Let us apply a single-tone (A cos ωt) to the input and 
calculate the output:
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Effects of Nonlinearity 19

• Observations:
– Even-order harmonics result from αj with even j, and 

same for odd
– nth harmonic grows in proportion to An

DC Fundamental Second  
Harmonic

Third 

Harmonic
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20
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Harmonics: less problem in real circuits, 
matching network works as a filter.



TSEK02 Radio Electronics 2019/Ted Johansson

Nonlinearity Issues
22

• Definition
• Modeling Nonlinearities
• Effects of Nonlinearity

– Harmonic Distortion
– Gain Compression (2.2.2)
– Intermodulation

• Characterization of Nonlinearities
• Cascaded Nonlinear Stages
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Gain
23

• We define gain as ratio of signal levels at the same 
frequency

X(t) = Ain cos ωt Y(t) = ⅟2α2 A2
in 

+ ( α1 + 3∕4α3 A2
in) Ain cos ωt 

+ ⅟2α2 A2
in cos 2ωt

+ ⅟4α3 A3
in cos 3ωt + ...

Ain

( α1 + 3∕4α3 A2
in) Ain Gain= = α1 + 3∕4α3 A2

in
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Gain
24

• We define gain as ratio of signal levels at the same 
frequency

Ain

( α1 + 3∕4α3 A2
in) Ain Gain= = α1 + 3∕4α3 A2

in

For small input levels, gain is α1 
and it is linear
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Gain (expansive)
25

• We define gain as ratio of signal levels at the same 
frequency

Ain

( α1 + 3∕4α3 A2
in) Ain Gain= = α1 + 3∕4α3 A2

in

For larger input levels, 
depending on sign of α1α3 

gain may expand 
α1 dominant

α3 dominant
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Gain (compressive)
26

• We define gain as ratio of signal levels at the same 
frequency

Ain

( α1 + 3∕4α3 A2
in) Ain Gain= = α1 + 3∕4α3 A2

in

For larger input levels, 
depending on sign of α1α3 ,
gain may expand or compress.
Many electronic systems
have compressive gain behavior.

α1 dominant α3 dominant
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Gain Compression (1dB, P1dB,P-1dB)
27

• Eventually at large enough signal levels, output power 
does not follow the input power

The P1dB point correlates well to 
loss of linear behavior, getting out-
of-spec in standards (EVM, 
ACPR, etc.) so for linear 
applications, operation beyond 
this point is useless. 



TSEK02 Radio Electronics 2019/Ted Johansson

Effect of compression for FM/PM and AM-modulated 
signals

28

• FM signal carries no information in its amplitude and 
hence tolerates compression.

• AM contains information in its amplitude, hence 
distorted by compression
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Desensitization: related to gain compression
29

• The small signal is superimposed on the large signal 
(time domain). If the large signal compresses the 
amplifiers, it will also affect the small signal.
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Nonlinearity Issues
30

• Definition
• Modeling Nonlinearities
• Effects of Nonlinearity

– Harmonic Distortion
– Gain Compression
– Intermodulation (2.2.4)

• Characterization of Nonlinearities
• Cascaded Nonlinear Stages
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Why do we care about intermodulation?
31

• Communication systems often use the available 
frequency band to transmit multiple channels

• What happens to these signals when the transmitter 
exhibits nonlinear behavior?

ω1 ω2 ω3 ω4 ω5 ω6
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Intermodulation (IM)
32

For ease of analysis we only consider two channels

and approximate them as single-tone sinusoidal

ω1 ω2

ω1 ω2
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Intermodulation
A1 cos ω1t + A2cos ω2t  

ω
1

ω
2

2ω
2 -ω

1

2ω
1 -ω

2

ω
1

ω
2

Third Order Intermodulation (IM3) 
products

   α1(A1 cos ω1t + A2cos ω2t)
+ α2(A1 cos ω1t + A2cos ω2t)2  
+ α3(A1 cos ω1t + A2cos ω2t)3

= ⅟2α2 (A2
1 + A2

2)
+ [α1 + 3∕4α3 A2

1+ 3∕2α3 A2
2 ] A1cosω1t

+ [α1 + 3∕4α3 A2
2+ 3∕2α3 A2

1 ] A2cosω2t
+ [α2A1A2] cos (ω1±ω2)t
+ [⅟2α2 A2

1 ] cos 2ω1t 
+ [⅟2α2 A2

2 ] cos 2ω2t
+ [3∕4α3 A2

1A2] cos (2ω1+ω2)t
+ [3∕4α3 A2

2A1] cos (2ω2+ω1)t
+ [3∕4α3 A2

1A2] cos (2ω1-ω2)t
+ [3∕4α3 A2

2A1] cos (2ω2-ω1)t
+ [⅟4 α3 A3

1 ] cos 3ω1t
+ [⅟4 α3 A3

2 ] cos 3ω2t

33
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Intermodulation
34

     Fundamental components:

     Intermodulation products:



TSEK02 Radio Electronics 2019/Ted Johansson

Intermodulation
35
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Intermodulation
36

• IM3 products do not interfere with main tones, so why 
should we be worried? 

• They interfere with adjacent channels! 
• Intermodulation products are troublesome both in 

transmitter and in receiver.

desired

interferer
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Intermodulation
37
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Nonlinearity Issues
38

• Definition
• Modeling Nonlinearities
• Effects of Nonlinearity

– Harmonic Distortion
– Gain Compression
– Intermodulation

• Characterization of Nonlinearities
• Cascaded Nonlinear Stages
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Intermodulation - Characterization
39

• We generate a test signal for Intermodulation characterization 
– Test Signal : A1 cos ω1t + A2cos ω2t  = A cos ω1t + A cos (ω1+Δω)t
– Assumptions:

• A1 = A2 = A

• Δω = ω2 - ω1

• We write the output signal again (after filtering high frequency components)
Out = [3∕4α3 A3] cos (ω1- Δω)t

         +[α1A + 9∕4α3 A3] (cosω1t +cos (ω1+Δω)t)

         +[3∕4α3 A3] cos (ω1+2Δω)t

1) Frequency separations are the same 
2) Before compression, main tones grow with A and IM3 products grow with A3

This is called 
a two-tone test

Δω

ΔωΔω
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1:1

1:3

Intermodulation - Characterization
40

• Recall the Pin-Pout plot, and let us draw the main 
tones and the IM3 products

These lines indicate how 
much the IM3 products 
are lower than the main 
tone(s), in dBc

This line shows power 
of the main tone(s)
What is the slope?

This line shows power 
of the IM3 products
What is the slope?
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Example
41

If we measure relative IM3 to be -25 dBc at output 
power of 20 dBm, what would it be at 22 dBm?

1:1

1:3

P1 increased by 2 dB (1:1)
IM3 increases by 6 dB (1:3)
difference decreases by 4 dB, 
=> -21 dBc
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Intermodulation – Intercept Point
42

How to indicate linearity of a 
system by just one number?

We notice that relative IM3 
level should always be 
specified for an output 
power level  
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Intermodulation – Intercept Point
43

OIP3[dBm]=IIP3[dBm] + G[dB]
OIP3[dBm]=P1[dBm] + 0.5ΔP[dB]
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Intermodulation – Intercept Point
44
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Intermodulation: IP3 and P1dB

45

• Under ideal conditions, the IP3 is 9.6 dB higher than 
the P1dB point (compression).

• So if you know one of these number, you can 
estimate the other!
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Intermodulation – Intercept Point 46

For a given input level (well below P1dB), the IIP3 can be 
calculated by halving the difference between the output 
fundamental and IM levels and adding the result to the input 
level, where all values are expressed as logarithmic quantities.
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Nonlinearity Issues
47

• Definition
• Modeling Nonlinearities
• Effects of Nonlinearity

– Harmonic Distortion
– Gain Compression
– Intermodulation

• Characterization of Nonlinearities
• Cascaded Nonlinear Stages (2.2.5)
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Cascaded Nonlinear Stages
48
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Cascaded Nonlinear Stages
49

• Considering only the first- and 
third-order terms, we have:

• Thus: (Eq. 2.47)
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Cascaded Nonlinear Stages

AIP3,1 and AIP3,2 
represent the input IP3s 
of the first and second 
stages 

50

• A more intuitive view: square and invert the two sides 
of the equation

=> The higher gain of the first stage, the more 
nonlinearity is contributed by the second stage.
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• For more stages:

• If each stage in a cascade has a gain greater than unity, the 
nonlinearity of the latter stages becomes increasingly more 
critical because the IP3 of each stage is equivalently scaled 
down by the total gain preceding that stage.

• The higher gain of the first stage, the more nonlinearity is 
contributed by the second stage.

• Note that IIP3 and OIP3 are related through gain.

Cascaded Nonlinear Stages

1
IIP3total

=
1

IIP3A
+

GA

IIP3B
+
GAGB

IIP3C

51
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