TSKSO01 Digital Communication
Lecture 4

Digital Modulation — Basis Functions and Basic Signal Detection
Emil Bjornson

Department of Electrical Engineering (ISY)

Division of Communication Systems

LINKOPING UNIVERSITY




Last Time — Digital Modulation

N-1
Signals:  s()=Ys, 4,(t) i=0L...,M-1,  0<t<T
j=0 t

ON basis
NI
AWGN: )= S ()10 ", =r.9)
J=0 Irrelévant Gaussian with mean 0.

Received:  X(t)=s.(¢)+W(t) = §Xj¢j(t)+ w'(t) X, =(X.¢,)

Gaussian with mean s, ;.

Tos
/ 1 \ [Orthogonal noise components\
X, Sio W, are statistically independent.
: : : g cpéi:c}i:RW(f):NO/z
XN—I Si,N—l WN_1
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Indicator Function

Definition: The indicator function 1,(t) of the set A is given by

1, te A
[a(t) = {O, elsewhere

Examples:
t Iii=01 () = u(t) t Iro<t<ry(t) t t-Iqge<ry(t)
1 - 1 T}
‘ ‘ -T
] T ] T
| -
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Example of Basis Functions (N = 1)

= Time-limited baseband signal

= Time-limited passband signal (carrier frequency f,)

2
$o(t) = \/;COS(Zﬂfct) Iro<t<Ty(t)

= ligoll2 =2 cos?@nf,t) dt = 1 — = [ cos(4nf,t) dt

[ Equal to one if 4f.T is an integer J
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Example of Basis Functions (N = 2)

= Time-limited passband signal (carrier frequency f,)

2
$o(t) = \/;COS(Zﬂfct) Io<t<Ty(t)

2
d1(t) = —ﬁ sin(2mf.t) Itp<t<ry(t)

= When are these functions orthogonal?

fo's) 1 T .
j_ooqbo(t)qbl(t)dt == jo sin(4nf.t) dt

[ Equal to zero if 2f.T is an integer J
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Energy Spectra: |[®,(f)| and |®,(f)]

0[N3

{ 2

0 }

fe
Main lobe: 2 / T

Time-limited signal =
Infinite bandwidth
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Approximation

Count main lobe:
2/T




Example of Basis Functions (N > 2)

= How to construct more than two basis functions?

= One can show that cos(2rfyt) Ifg<t<y(t) and cos(2rmfit) Iro<r<ty ()
are orthogonal if (f, — f;,)T is an integer

= Proposal (N/2 is an integer):

fe=fot+r fork=01,.,7-1

2
Goi (t) = \[; cos(2mfit) Iio<t<ry(t)

N /2 pairs of
cosine and sine

2
Gor+1(t) = —\/;sin(ankt) Io<t<ry(t)
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Energy Spectra: |®,,(f)] n=0..N-1

2 !

e ——

Time-limited signal =
Infinite bandwidth
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Approximation

Count main lobes:
Ee)os
2 T




Single and Multi Carrier Modulation 1(2)

Given total bandwidth B

= Approximate bandwidth: count only the main lobe

Single Carrier (N = 2)

T B

Multi Carrier (N > 2, N/2 integer)

Cae(e)d e Te()

Example: N = 1024: T is 256.5 times larger with multi carrier

= Main lobe is 256.6 times smaller
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Single and Multi Carrier Modulation 2(2)

= Frequency response of channel &

= Changes with frequency

= Approx. fixed over small interval S(JY TV(&)

h(t) =6(t—1) +6(t—1,)+6(t—13)+5(t —14)

Multi Carrier
Select N large enough: A IH(P)I

Make H(f) approximately
constant over the main lobe 2/T

Can ignore channel:

This is what we will do right now
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Receiving a Modulated Signal

X(t) A
Receiver
X(t X
(, ) X .| Vector A
modulator detector
b A 4 '
4\] = (4\ . (t")] )

[ Next topic: The demodulator and vector detector J

2018-09-24 TSKSO01 Digital Communication - Lecture 4




Demodulation

Noise
5 si(t) XO oo X
—>1 Modulator Channel —
modulator
r
iecti . S; = (8;.0:) = [ s;(t)o:(t)dt, a . )
Projections: g = (5i, ¢;) O/ () &;(t) Signals are
- projected on
. . N e basis functions
4 Noise is ) W, = (W,¢;) = / Wi(t) o(t)dt  \_ )
projected on .
Yy x_(xo)- / X (1) b (t) dt Do this!
0
X =8+ W, je{0,1,...,N=1},
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Correlation Receiver

On-1(1)

: : |
: : ! !

Modulator : Channel 5 Correlation receiver
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Matched Filters

Definition:
A filter with impulse response h;(t) = ¢;(T - t) is matched to ¢;(t)

Example: Usage (¢; * hj)(1):
l ¢j (t) () "/</Iaximum att =T
| T T T
Orthogonal signal ¢;(t): Then (¢; * hj)(t):
($:(), pj()) = 0 J/\//Zero att = T
T 2T
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Demodulation Using Matched Filters

Noise
S_l Si_ (t) xXr (T) De- J\?
=——>1 Modulator Channel modulator e

Filter: h;(t)= ¢;(T —t)  Matchedto ¢;(¢)

Output: Y (f) = (X xN;)(t) < Do this!
o0 t
= / X(T)h;(t —7)dT = / X(T)o;(T" =t +7)dr
—00 t—T
Sampleatr=T": « And this!
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Matched Filter Recelver

o(t)

Oo(1'—1)

s B

O (1)

'

t=1T

ona (T'=1)

Modulator Channel
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The Vector Detector

Vector noise

_ }

i Vector 4 Vector
Vector channel
sender detector

Source Destination

The task of the vector detector:

Observe x and output @ according to a well chosen decision rule,
designed to minimize the error probability.

What do we know?

All entities are realizations of stochastic variables.

[ Use statistical descriptions of those stochastic variables! }
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Vector Detection

Received vector: X

Goal: Minimize the error probability
Pr{4d # A|X = x}

Sent / Observed
symbol realization

Estimated Received
symbol vector

Equivalent decision rule: A

Set d = a; if Pr{d = a;|X = i}

is maximized for k£ = 1.

N\ J
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Detection

f)_(|ak)

Bayes'rule: Pr{d = ai|X =x} =
—

Independent of a;

PF{A = Clk}

0.03
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$ISIINYy
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s
IS, 5!‘ ,
S
))3”3333}'{‘?
))W;m”;;;@:
§)

New decision rule:

0.02
Seta = a; if

fria(X|ax) Prid = ay}

is maximized for k = y 8
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Maximum Likelihood (ML) Detection

Assumption: Pr{A = a;} =% fori=01,.. M—1

[ ML decision rule: Set @ = qa; if fz4(X|ay) is maximized for k = i. J

Independent variables:

fyA(ﬂak):HfXﬂA(xj |ak) -

N-1 1 N ~ ‘ ;
e b ’”)Z/NO—— (7Z'NO) N2 o Mim
-0 A/ TN,

J

Natural logarithm (strictly increasing function): C‘}r‘StaCtS
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ML Decision Regions

Result:
Decision regions consist of all
points closest to a signal point.

Notation:
B; is the decision region of
the signal vector s..
Thus also of the signal s;(t)
and of the message a;.

’/I 3 Borders are orthogonal to

By Y. straight lines between signals:
In 2 dimensions: Lines.

In 3 dimensions: Planes.

_ _ Higher dim: Hyperplanes.
Detect x as being the nearest signal. ggrders cut the lines mid-way.
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Error Probability

Symbol error probability:

Pezpr{/];tA} ZPr{A a,} {fliai|A:ai}

M
:Zpr{A:a} PriX¢B |A=a,)
i=0

ML detection: Pr{A = q;} = % fori =0,1,..,M —1:

REZ_ZPI.{)?EBJAZGZ}ZHZ “J‘fX|A(X|az)d'x0 de—l
i=0 i=0 X¢B
{ This is generally hard to calculate! J

2018-09-24 TSKSO01 Digital Communication - Lecture




Special Case: Two signals in N = 1 Dimension

d6s)
fX}A(ﬂao) fX]A(3_5|al)
B T, 5, 45, 5, B ~
BO 2 Bl

_ — Syn TS
Pr{XeBOA:ao}:Pr{XeBl|A:a0}:Pr{XO> e A:ao}

-

So.0 T S10 _
0,0
2

_ ; >d(50951) _ d(S09S1)/2 _ d(SO’Sl)
e 2520} ¢ No/zj‘Q(mj

Similarily for Pr{X ¢ B | A=a, ) = P.=0()

=Pry W, >

Si0—S
A= ao} = Pr{ W, > 12 0’0} This works in all
2 directions.
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