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DFT — Avoiding Aliasing
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If L<N, then we get overlap and aliasing in the time domain.

Therefore: Demand L=N.
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DFT — Signal Analysis

Time-discrete signal with limited duration:
x[i]=0 for ng{on, .., N-i§

w W= oy
Fourier transform: X[&] = ZXH SO _ S xfn] e O
=0
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IDFT (inverse):
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DFT — Periodic Convolution

Weareusedto:  yli]=(xxh)[] <> Y[e] = X[e] ule]
But we have: ylil= xfw]- bl <= 6] = Sl X[#] ule-#4] £¢
With DFT: LK =X, M40 < e

g[x1= LoFT{ Z,[¥] #.[}= Tr:% X, 4 [ £
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And also: gl = xF-h ] <& F[d =-}_—3:.°XL[M] H,[k-m]
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Examples of Windows, N=32

Rectangular window:

wn]

Hamming window: win|
win]

Blackman window: win|

win] =1, nelo,1,...,N-1}
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Ergodicity again

A WSS process:

Tome auémge of ene yealizatin: my = 'le‘ S x(¥) £t

Tvme avernge of the process:
T
E{ M3 < Ejz= (X0 ¥

Defrrtron.:

Loterpretafion:

My = 2 ’j X(¢) ot
-
= ;_1;_ST E§ X} £ =—,}T—_IT g dE= g

f &,m E{(MT ”‘I)?—Z =0 then X(€) ¢y sawl o be
ergml»c with respect hmmam and we wnite

g = _'(_,_.:;:«. z—,_frx(t) 4t
The bume aversge of a realizatisn is very close fo the

ernsemble megun. with o ,mtnh&f; that 2 vtrg—
dose v 1 (-—)j_ T-> 00). .
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Using Windows

Signal:
x[n] = C-G.Zn
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Rectangular window:
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Result: 7
} yIu]= x[n]whn]
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A Signal
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Estimating a General Parameter Blackman-Tukey’s Estimate of the ACF 2(2)

1 T

X[n]: An ergodic time-discrete process, with realization x[n].

Estimation of a general parameter ay, i.e. some ensemble average:
aX = g(x[o]’x[l]’ ...,X[N - 1])

Corresponding stochastic variable: Ay = g(X[0],X[1], ..., X[N — 1]) 05
Bias (difference from actual value): B = E{AX} —ay
Unbiased estimate: B=0
Asymptotically unbiased estimate: B — 0 when N - o

~ 2 ~

: . . — _ 2
Variance: Ohy = E{AX } E2{Ax}
Quadratic error: 2 = UAXZ + B2
05 : ; ; ; ; ‘ .
Consistent estimate: 2 50 when N - o -1024 -768 -512 -256 0 256 512 768 1024
k
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Blackman-Tukey’s Estimate of the ACF 1(2) Bartlett’s Estimate of the ACF 1(2)

N—|k|-1

ACF of a WSS process: ry[k] = E{X[n + k]X[n]} 1
Recall Blackman-Tukey: x[k] = ——— x[n + |k|]x[n]
N—lk|-1 N -1kl &

Blackman-Tukey’s method: 74 [k] = N Ik] Z x[n + |k|]x[n] N—|k|-1

- 1

n=0 Bartlett's method: xlk] = N Z x[n + |k|]x[n]
Mean: E{fy[k]} = rx[K] n=o
. f = (1M

Variance, assuming a Gaussian process with mean zero: Mean: EfFx [k} (1 N ) rylk] = mylk] when N = e

Variance, assuming a Gaussian process with mean zero:

|k| < N: 07, 2[k] = ! Z <1— ! )(rxz[m]+rx[m+k]rx[m—k])

N — |k| N — |k| 1 k| + |m
<=l Ikl < N: o7, *[K] = Z (1 - %) (ry®[m] + rx[m + klry[m — k)
Fixed k: o7, [kl = 0 when N - oo |m|<N—|k|
. 2
Problem: Large k, Ex. k = N — 1 o7, 2[k] = r%*[0] when N — oo Al k: 07" [k] > 0 when N — o
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Bartlett’s Estimate of the ACF 2(2) Periodogram
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Estimating the PSD 1(2) Averaged Periodogram

PSD of a WSS process: Rx[0] = F{rx[k]} 6
Observed sequence: x[n]
sl
Considered part of sequence: xy[n] = {x[n], 0=n<N
0 elsewhere Al
R 1
Bartlett’s estimate of the ACF:  fx[k] = N Z xy[m + klxy[m] sl
m=—oo
Estimate of the PSD: R [9] = F{y[k]} 2f
k——oo m——oo m=—oo k=—o
= xel0] Y ylmlemm = Ly o1y 0] = < [Xylo]  CAled TR T TR
NN N T NN N NN periodogram ' ’ ) ’ ’

m=—oco
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Estimated PSD using Rectangular Window
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Smoothing — Overview

Raw periodogram Averaged periodograms

)
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Smoothing - Rectangular Smoothing - Hamming
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Estimated PSD using Hamming Window
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