Half-Wave Rectifier

From the table: | y@) Ty (7)
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Saturation, Quantization and Poisson Processes

X, X220, | rp(r . (ry(r
{07 X <o, —"4()+%[ rX(O)—rx('r)+1'X('r)arcsm(m’;(0))]

— rx(0) (r) % (1)
_WT'F%"";?;XIO)""“

Complete Maclaurin expansion:
Mikael Olofsson

Department of EE (ISY)

rx(0)  ry(r r%(r = (2n=3)1-ry (0 re ()"
Div. of Communication Systems ry (1) = );; ) + X4( ) + 47,);)(((2)) +"Z=2 27(r. (2n _) 1) )((2(7;))” (rﬁgo;)

n!l is semi-factorial (product of every second positive integer):

6I'=2-4-6=148 and ™M=1-3-5-7=105.
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Situation
From Tables & Formulas, The input to a momentary non-linearity is a Gaussian process X (t) with mean
Page 15. my = 0 and auto-correlation function 7y (7). X —— f — Y
Identities
Y () ry(7)
-4, X<-A4A
X2(1) 22 (r) + 1% (0) Y= () = { v X| < 4 4 g(x)
= = , <
X3(t) 6r% (1) + 9r% (0)rx (1) A X>A
X4(t) 24r% (1) + 72r% (0)r% (1) + 9r% (0)
X5(t) 12075 (7) + 60072 (0)7% (1) + 225r% (0)r x () iq . X
X, X220, | ry(r G .
{0 Yoo | R [V K + rx(r) arcsin ()
=0 oy I V4 §
sgn(X) 2 arcsin (%((6—5))
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Saturation PDF

Y

py = Pr{X < —A} = f f (o) dx

A gx)
-4, X<-A
:g(X):{X; X| <A - x
A X>A A
—A
—-A

py = Pr{X > 4} = f f () dx
A

lyl <A
elsewhere

fy(}’)—fx(}’) rect(ZA) {fXE)Y)

fr) =p16(y+A) + fr(») + p26(y — A)

Saturation Distorsion

(o]

[

X

_1'4|14\

[00)

0
Pg = E{§?%} = fszfs(s) ds = fszfX(A—s) ds+fszfx(—A—s) ds

— 00

0

= f (x — A)? fy(x) dx + f (x + A)?fr(x) dx
A —oo

SDR - Signal-to-Distorsion Ratio

S

PX PX
SDR = - SDRyg = 10 - logy, <P_s>
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Saturation Error

S=Y

—X=g(X)—X={ 0, 1X| <A

~
1 ‘ ;\

ps = Pr{|X| < 4} = ffxoo dx=1-p—p,

fx(A—s) s>0
fs(s) = 0 s=0
fx(A—s) s<0

-A-X, X<-A4

A-X X>A

fs(s) = fs(s) + p36(s)

TSDT14 Signal Theory - Lecture 6
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Quantization Principles

X——>—J_‘__r"—'—’_ Y
o L I, I, Is A
—t +—> X
—t t j \ + —> Y
yl gz 53 3-, 35 5#’1 g"
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Uniform Quantization 5 yex

A-&, xoA f !
- =d2.)X] -A
4= g0 =1 F+[ 24, Ixl<A : A
A .
~A+S =
A*L. = N-o =24
N= Number of steps
L-A
Quamt zatbron enor:
Saturatio
aturation g= 4% = 4 -x.
TSDT14 Signal Theory - Lecture 6
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Quantization Distorsion 2(2)

A ' N 9et3 2 =%
jA( m-@‘étx)dx =2 § G g = a:dfk/
=2

9%

N N Az

Z S (g de = 2§ tfp (4) da
Asma,d
w small

N /2 2 N e N

=E{x(5u) {/ wdu = zA_z,?:_;A'fx(ﬁk) ~ & LZ: PriXeL,} =4
=A’712, =]

Eevor dusbabubfion :  Approx. wwsformly oastr. e [-2, 4

Genera ng withouk saturation :

R<L sice |@ <2

TSDT14 Signal Theory - Lecture 6
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Quantization Distorsion 1(2)

X—>_l_,fr—>Y

The error: Q=Y-X = g(X)-X

Quantizatren distorscon:
f = Efay = Ef3(x)-X)]= S(gw - () dx
Assmpér‘ms :

1. No saturatven: }‘X(x) =0 )(or x| = A
2. Mice dustwhubon : fI(X) contrhuous for Ix|< A

3. Small A: fg () approx. const. en intervals of leaglo. A,

TSDT14 Signal Theory - Lecture 6
II u LINKOPINGS
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SDR for Uniform Quantization

Still limited to [-A,A] and nice enough distribution.

A)2
2 A A2 Px _3Px ., 3Px .
Py =E{Q*} = L= 2 = =X XN Xom
Q {@*} / q A= =3 SDR = PQ T N e
~A/2

. . 3P 3Py )
SDRgp = 10log,,(SDR) = 10 logw< 12 > +n-20log,(2) ~ 10 10310( Az‘) + 6n.

Example: Uniform distribution over [-A,A].

A
Px = E{X“)} = /.1‘2$ lr = —
J 2
3A%/3
A2

SDRgp =~ 10 log“,< ) + 6n = 10log,,(1) + 6n = 6n

TSDT14 Signal Theory - Lecture 6
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SDR for Uniform Quantization with Saturation

Uniform distribution over [-B,B].

B 70+
r2 2 1 B2
P_\.zE{/\ }=/.rﬁd.z'=TA sl
-B
Q and S uncorrelated: £ o

Pyis = Py + Ps.

P\» 10

SDR = ————,
Py + Ps

o L L
-4 -85 -3 25 20 -15 -
[B/Alan

@Rt DA/HB-@H DA - kA < B < (k+1)A, k€ {0,1,...,N/2 - 2}
Pys =

3B
A-A/2 A% | (B-A+A/2)° A A
B T+ 3B B=A 2

X TSDT14 Signal Theory - Lecture 6
II u LINKOPINGS
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SDR for Non-Uniform Quantization

Uniform Quantization Non-Uniform Quantization

SDRgp

A AN A
EY

/,/
10
Ve
% % @5 w0 25 w5 0 5 o 5
[B/Alas
TSDT14 Signal Theory - Lecture 6
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Non-Uniform Quantization

v

’ /‘! . vz Cealizats
S o=@
I—IF ] -]y
S I e I o | Y
. Compressor Uniform Expander
quantizer ()
* i
A
16 levels
Step 640
16 levels
Step 324
16 levels Totally
Step 16A 128 positive levels
16 levels
Step 84 Smallest step
16 level T A= A[2048
T levels
Quautvzation errer: Step 48
16 levels | Average step
q Step 24 164 = A/128
32 levels H Largest step
,\ NN NN R [\ % Step A [ G4A = A/32
AR AR R EN o i
N ¢ 4
A A A 4 4
& a8 ¢ 4

TSDT14 Signal Theory - Lecture 6
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Modelling Quantization of a Stochastic Process

x[— vaf T[]

Model: Q["]

X[ Y

Model :
o The _gmﬁnﬁ&n noise 5 whibe

o The put ovd the ;zuam{zéaﬁbn nosse are uncorvelated .
Reason

o T# s alwost frue under reasonable assumptions.
© It gets more brue with swaller guambizatirn step.

TSDT14 Signal Theory - Lecture 6
II LINKOPINGS
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The Quantization Noise is Almost White 1(4)

Quantization Noise [n] = Y[n] — X[n].
A‘.Z
Rolt] = 45

Model of PSD:

Assumptions:
holds for |z¢| > A and for |zx| > A

1. that f_\'[():__\'[k](.l‘“. IA)
that fxio),x(x (wo, 7x) is three times differentiable inside the square || < A, |zx| < A

=0

2

3. that fxo),xk(—%o, —2x) = fx(0),x[k] (T, %) holds

Objective:
rolk] — 6[k], when A — 0,

Show rQ [()]
TSDT14 Signal Theory - Lecture 6

2017-09-12 17

II LINKOPINGS
o UNIVERSITET

The Quantization Noise is Almost White 2(4)

ACF of the Quantization Noise for k # O
A/2
"()[A'] = // ([()(11\3/“(2[()].Q[k](’/(l«([k)([([(J dqy
-A/2

2-D PDF of the Quantization Noise

f():()].(}[k: ((In~ ’IA-)

2

/\[0 X[k] <(Io— A— *+IUA aw—A-% +’AA)~ lgo] < 5 laxl < 5
elsewhere.

gl
i Ol

23

0,

2-D Taylor series expansion of fx(o.x (a0
gives us:
Ky + Ksqo + Ksqr + K. ‘q(, + K5qoqr + ]‘0'1& + K7 (([“
A‘Z

i9

+ioA, g — A— 5 +irA)

([k):i/2

The Quantization Noise is Almost White 3(4)

What about all those coefficients? Symmetry
= Ky=Ks;=0

/\[u] X [A](* Lo, —Tk) = ,/A_\‘[u]._\‘[k]( Lo, Tr)

Result:
A/z - - b - b P P
Ky + Kiq2 + Ksqoqr + Keqf + K7(¢2 + ¢})*
rolk qoqk A2

/2
dqo dqy..

N
Observation:
A/2 A2
// Goqr dqo dqy. = // a@oqr dgo g = // Qoqr dgo dgi. = 0
—A/2 —-A/2 N
Result:
A/2
1\73(112»(1?- + Krqoqr (4 + )%
rolk A2 dqo dg..
—\/
TSDT14 Signal Theory - Lecture 6
II LINKOPINGS
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We had:
i Ksq2q? + Krqoqr(q2 + ¢7)%/*
/'Q[A‘] = // hd kot IA();’ “ k dqo dgy..
N
Upper bound:
|"Q U‘” 2
okl < KA4 < 12K A”.
|I(2[ H 1 ro[0]
Result:
M — d[k], when A — 0.
I'Q[()]

Conclusion:

The Quantization Noise is Almost White 4(4)

Almost white. Closer to white as A decreases

TSDT14 Signal Theory - Lecture 6
2017-09-12 20
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Input & Quantization Noise Almost Uncorrelated

Same assumptions:

L. that fxo)x (w0, zx) = 0 holds for |zo| > A and for |zx| > A,

2. that fxo,x(x (@o, zx) is three times differentiable inside the square |zo| < A, |zx| < A,

3. that fxo)x@w(—%o, —2r) = fx[o),x[x](Zo, Zx) holds.

Normalized cross-covariance:

R Cov{X[0], Q[]} - E{(X[0] — mx)(Q[k] — mq)}
pxelk] = ox0Q - ox0Q

Objective:

Show pxglk] = 0, when A — 0, forall k.

" TSDT14 Signal Theory - Lecture 6
II LINKOPINGS
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Quantization — ACF & PSD Relations

Assumptions:
e Q[n] is uniformly distributed on [—A/2,A/2).
e Q[n] is a white process.
e Q[n] and X [n] are uncorrelated.
ACF of output:
rylk] = E{Y[n]Y[n + K]} = E{(X[nJ +Q[n)) (X[n + K + Q[ + k])}
=E{X[n)X[n+ K]} + E{X[n]Q[n + k]} + E{Q]X[n + K]} + E{Q[n]Q[n + k]}.

Uncorrelated processes:
E{X[n]Q[n + k]} = E{Q[n]X[n + k]} = mxmg =0,

Result:
ry k] = rx[k] + 7ok Ry [0] = Rx[0] + R, [0].
X TSDT14 Signal Theory - Lecture 6
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Modelling Quantization Noise

Observation:

Fxtox (=0, —2x) = fxio,x (81 (%0, 1)

= fx(z) &folg) even = mg=mx=0
rxqlk] _ E{X[0]Q[k]}

Ox0qQ Ox0qQ

= PxQ [I\] =

Similar reasoning as before:
|/)_\'Q[l\']| <V12KAJoy = pxolk] = 0,  when A — 0, for all k.

Conclusion:

Almost uncorrelated. Less correlated as A decreases.

TSDT14 Signal Theory - Lecture 6
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Quantization — Power-Spectral Densities

R [0]

i 1,

-1 }
Ry (6] = Ry[0] + Ry[0).
ﬂ } |_- o
-1 \ [

Quantizatson Error

TSDT14 Signal Theory - Lecture 6
II LINKOPINGS
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Poisson Processes 1(2)

A counting process, Z(F). Tome continuons & amplbusle discrede.
Countung the number oyf arrivals sofar.

Exu,(gs: A rM“?ﬂzﬁ’@ﬂ
Customers entcsing a shop. :
Cars passing by '
Badio-ackive decey- ' J_’__,—L—:. .
Light (counting phatons) ngy Duteraruel time, Tn
Packets cn a network | >t
Pmpcr‘h'eé ofa, staﬁonaly Povsson process: Interarrcval tomes:
X(9)=o0 T & Ty indep. for m#n
X(‘é,) < X(.tz) Cf f:‘étz . {r“({.) = l\ C-Atn, fn?O
Pr{x(¢)=K =%¢).5M1 t20, kel B ()= 1=, 4,30
PriX(¢+7)-X(9) =K --‘%’- e'”, 1308t 20, kel

II LINKOPINGS
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Poisson Processes 2(2)

Expectatron :
Varince :
Power :
Increments:
ACF (ost,¢4,):

ACF (ot €4):
ACF ( botal):

EE@] = ZHPr{XW0 =] = At (A imterasty)
Var {X (0] = ¢ \/ fr 30
ELXYH} = EEO] +Var§X(S = At(1+A8)

X(¢+t) ~XE). Nowoverlageing increments are o dgpendent.

vy (£, t,) = ELX()X(4)} = EfTE)(Xl)-X6) +X ()]
= Ef(X(#)-X(o))(X(t,) -X&))} + EfX()]

Tudep iner, 0£¢,$2,

:ef X(4)-X@}-E{ X (%) -XG)] + E{X)
= At (At -A%) + AL (14A2) = At (1+A%)
rx(¢.,%,) = A, (1+A%) (similarity)
ry (¢, 'f;) = A ""i"'{tu'tzs + A\%¢.2,

II LINKOPINGS
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