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Situation: Additive Noise Channel

Noise
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Source Sender Channel Receiver Destination

One message every T seconds.
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Represented using time-delimited signals. Duration T seconds (T~1/bandwidth)
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The channel adds noise to the signal.
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Analyze Only One Message at Time

Noise

!
Aln] S(t) X(t) Alnl

Source Sender Channel Receiver Destination

Reasons:

= Different samples in A[n] are assumed independent
= No information gained about one sample from another.

= Pulse function satisfies Nyquist criterion
= No intersymbol interference due to modulation.

= The channel does not filter the signal
= No intersymbol interference due to filtering.

= Different samples of WGN are independent
= Noise from non-overlapping intervals are independent.
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Notation

Noise
|
A 5(1) X(t) A
Source Sender Channel Receiver Destination
Message set:  {a;}17;" Size: M
Signal set: {s;(OPLE
Mapping: a; — s;(t) fori e {0,1,...,.M — 1}

Signal energy: E; = [ sZ(t)dt <o, i€{0,1,..,M—1}
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The Channel and the Receiver

Noise, W(t)

|
A S(1) X(t) A

Source Sender Channel Receiver Destination

AWGN channel: Additive White Gaussian Noise
Channel output: X(t) =s;(t) + W(t)

Receiver: Observes X(t). Generates estimate A.

Goal: Minimize Pr{4 # A}.

[ This lecture concentrates on the sender J
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Where are we heading?

Noise
A S(t) X (1) A
Source Sender Channel Receiver Destination
/ \ Noise
A\ Vector "5\ ( ) X (f) De- X Vector A\ o
Source Modulator Channel Destination
sender modulator detector
\ Vector noise /
A Vector S X Vector A .
Source Vector channel Destination
sender detector
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Function Spaces — Vector Spaces

M signals, s;(t), i € {0,1,...,M — 1} span N dimensions, N < M.

Ortho-normal (ON) basis: {gbj(t)}yz_ol (spans the same dimensions)
i =,

j ¢i(t)p;(0)dt = 6;; = {(1): .

The signals expressed using this basis:

N-1
Si(t) = z Si,jd)j(t)i [ € {0, 1,..,M — 1}
Jj=0
54,0
. Si, ]
Corresponding vectors: 5 = S| iefo ... M1}
Si,N—1
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Result — Split the Sender

(.'I‘.I' SZ' (YL )
Sender
a; 5 s;(t)
Vector Lo ¢
—_— sender Modulator
54,0 Vo1
'S'i.l B
(1]  —p S E Si.5 @5 (1)
7=0
'51.:\7*1
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Example: Vector representation
with respect to {¢,(t), p,(t)}
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Example: Vector representation
with respect to {0, (t), 6,(t)}

61
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Example: Vector representation
with respect to both bases
1
VL
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Geometric Interpretation

Signals: a(t) and b(t)

ON-basis: {o; (t)}jtol

Vectors to represent signals: = (ag, aq, .., ay_1)"

a
E —_ bo, bl, ...,bN_l)T

Inner products: (a,b) £ ffooo a(t)b(t)dt aob 2 YyNiab;

Claim: (a,b) =acobh
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Geometric Interpretation

Claim: (a,b) =acoh

Proof:

N—1N-1 0
_E ub/ t)dt
i=0 j=0

—QC0

— Y (1,7 bj0i; = Z(L,' by =aob.

1=0 7=0 1=0

2017-09-11 TSKSO01 Digital Communication - Lecture 3




a a

Norms and Angles A |
llal]

Norms: ||al| of a(t): ||a]|* = (a,a) Signal energy.
||| of @: 1@||* £ @ o, Squared length.
Relation: (a.b) =@ o b. = la|| = |@]|
From linear algebra: aob=|al-|b] - cos(a)
o aob (a, b)
Angle between signals: cos(v) = —

[@l - 1ol Nlall - llo
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Distances

Euclidean distances between vectors:
N-1
2f= T\ = TNZ _ 2
a*(@,b) = [la=Bl" = ) (¢ - by)
j=0
The Pythagorean relation in N dimensions.

Euclidean distances between signals:

d%(a,b) = lla — bl = f(a(t) —b(®) dt

These computations are equivalent!
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Example: Norms, Distances and Angles
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Representing White Gaussian Noise 1(4)

-1 M
=0
Noise: ()  WGN with PSD Ry (f) = No/2

Received: X (t) = s;(t) + W(t)

: A YR :
Define: W, = (W, ;) Also determine:
N .
Gaussian variable < Gaussian process = Variances?
Mean 0 < Mean 0 = Correlations?
. ~ e m D
Define: X, 2 (X, 0) Independence
= Full statistical
Gaussian variable <« Gaussian process description?
Mean? < Mean S»zi(f)
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Representing White Gaussian Noise 2(4)

T I'N—
Correlate: (s;, o)) = / si(t) op(t) dt = / st- O (t) or(t) dt
0 o J=0
N-1 i N-1
— Z Sij / 0i(t) or(t) dt = Z Sij Ojk = Sik
7=0 0 j=0

Correlate:  X; = (X, ;) = ((si + W).0;) = (s:.05) + (W, )

Result: X; is Gaussian with mean s; ;.

Next: Variance?

Time-limited basis functions to [0, T)
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Representing White Gaussian Noise 3(4)

White noise: rw (u) = % o (u)
Variance: ox, = B{(X; = 5:;)°} = E{W}} = E{(W,¢,)°}
T T
E{/Ux)(yﬁ/n() }E{L/ () W Iuﬂwm}
0 0

// ) o (1) E{W (t)W (1)} dt dr //(‘)J(z‘)()( ) rw (t — 7) dt dT,

T
No [ No No
=2 [ [ ¢;(t) ¢;(7) 8(t — 7) dt dr = = W——
p 20 2 2
h

0
White N
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Representing White Gaussian Noise 4(4)

Covariance j # k:
Avx, = B{(X; — 50,) (Xg — sip) } = B{W;W,.} = E{(W, ¢,) (W, o) }

T -
=20 {/U'(f) O;(t) dt /U (1) op(T) d } —E {// ) O (T t) Wir)dt (]T}

0 0
T T

= // O;(t) or(T E{U (/1‘ dt / ) O (T) rw (t — 7) dt d,
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AWGN — Additive White Gaussian Noise

Orthogonal noise components
are statistically independent

- J
v, X2
1 X, and X, independent
Y,
X, Y; and Y, independent
Variance: o%, = oy, = Ry (f) = No/2 PSD = Variance
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