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Exactly Predictable Process

Definition:

A process is said to be exactly predictable if there exists a
finite interval

t<tst

such that it is enough to know a realization in this interval to
know the whole realization.
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Stochastic Process

X(ml,t)
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Examples of Stochastic Processes

Ex 1: Finite number of realizations — This one is EPP:

X() = sin(t+®), @ e {0, /2, m, 31/2 }

Ex 2: Infinite number of realizations — This one is EPP:

X(§ = Asin(§,  A~N(0,1)
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Examples of Stochastic Processes cont’d

Ex 3: Infinite number of realizations — This one is not EPP:

Xt =2 Acplt-K), plt = {SOSW)’ lﬂ;ﬁre

{A, independent, N(O,1) f 5
=Yz Y2
A realization:
SN2 2
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Examples of Distributions and Densities
XB= A sn®), A s a stochastric vanable
Fro( = PriX( €x] = PriA-sdu(d) < %3

Priresim = RlEEm), £ sh(®) >0
Pr{ 0<x} = wu(x), t: s =0
Priﬁ /'5—{72‘3 = |- 5,(;;—‘@-)-), t: sn(f) <o
= h(EZw), £ snlt) >0
ﬂ(t)(") ='¢%—Fxﬂ)(") 8(*) t: S‘l‘(*)e g
- e [alsSar), +: (@< 0
{S(X), t= kT, ke
]ﬁa:(fn ' 'fa(sc:w) 5 elsewhere
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Distributions and Densities

One ‘bame cnstance

0£$fn'b“h'onr= FI&)(X) = P"{X:({') = X;

Densaty Frw® = Py

Two tume instances
Distrbuion: Fewyxe) (%) = PEX() < x, T <53
Density ﬂ(t.),%) (x,%2) zﬁ Free) ) (% %)
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Multiple Time Instances

Vector notatvon: £=(¢,%,, ., %,)
X)) =(x (é,), 2y, .. X(4)

X =(X,) XZ) vy XN)

Distribution.’ Fe@) (F) = PriX(2)  , T) <, ..., X&) £ %3
. - v o
Density : T2 @ * pa o @ @)
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Ensemble Averages

Mean: my () = E{X3 Auto- correlation funchion (ACF):
= Prhp® e 64 = EXE)XE)3

=5§, *% ﬂ(t.),z&,) (%, x;) dx, o,
Symmetry: Iyt t) =rplt;, %)

e(4¢t) = E{XS

o)
Quadrebre meas: EgX’Zé)i =-\Lx‘fxa_) (x) dx

Varance : 000 = Ef(X (8 -mypl)*S Power:
= Ef X5 - me(®) Speualcare: X(¥) fen of stachvar A:

Std deviation:  0%(9) X(#) = 3(:, A)
Ret) = [ 3, 2)30t,2){h (@ oo
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Auto-Correlation and Auto-Covariance

Auto-correlation (ACF):

ry(ti,t2) £ E{‘\—(fl )A\—(@)} = // T2 f.\'(ll)..\'(/g)("'l‘ o) dy dxg,

rx(ti.ta) = ry(ta,t1)

Auto-covariance (related concept):
Ax(tr,ta) 2 B{ (X (t1) = mx (1)) (X (t2) = mx(t2)) }

Ax (t1,t2) = ry(t1, ta) — mx (t)mx(ta).
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Example of Ensemble Averages

XE) = Asin(d), & s a stockastic varakble

wp @ $rtrio®de = Jorsintt) (o) da = siat) Jaty (dersin(8)- mp
ESX*#% =~L Ko ® dx =_T(a.sa.(+))‘. h(@ da = s0°), z.lﬁca)a= s’d)- 5 A4S
G2 = EfXYA] - mEOF = sinte) (E{AZ - wi) = sl - 032

—f ) = Sa. sm4) a- scn(ﬁ) ﬁ(ﬂ) da
= ma)saﬂ(ﬁ) 5 e*fy(«) da
= s (#) s () - E{A‘i
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Stationarity 1(2)
Stationarity is statistical invariance to a shift of the time origin.

Definition:
Consider time instances t = (t;,...,ty) and shifted time instances
U=1+A=(4+A,...,ty+A). The process X(?) is said to be
stationary in the strict sense (SSS) if

FX(?)()_C) = FX(a)(f)

holds for all Vand all choices of £and A.

Equivalence:

Fy)(X) = Fxg)(X) & fX(f)(?_C) =fX(a)(76)
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Stationarity 2(2)

Mean: mx('é) S Xfx(*) (X) J(X S x{x(ffA) (x) 6‘! = wm (‘éfA) VA
Thus Constart,

ACF:  p(4,4,) = .E %y Py o, e (1% o, dxy

=ij: %, xl"LX(b,M),I‘(t,*A)(X" X,) o x, o,

= rg(¢,+8, ,+8) Dep.on £,~%¢,
Notation: mg and ry (%) v=t-1t,
Wide sense stationarity, definition:

If the above holds, then the process X(¢) is said to be
stationary in the wide sense (WSS).
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Power-Spectral Density (PSD)

Definition: Fourier transform of the ACF:

) - Firg = S rm)e T 4

Inverse:

"

x (,f)

,F-n{ ex(f):s - _E Rx(f) C—‘;w,‘rdf

BT - i) = § By df
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Gaussian Processes

Recall: X = (X,...,X,) is called Jointly Gaussian if the following holds:

~dE-m) Kz
= (D = czfr)W* A%

_ = A - A
m = E{X§ A= (,\N“ )\'::) Aj = CoviX;, X%
Definition: A stochastic process is called Gaussian if all its
multidimensional PDFs correspond to jointly Gaussian
variables.
Theorem: A Gaussian process that is stationary in the wide sense is

also stationary in the strict sense.
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Ergodicity 1(2)

A WSS process: mg = E{X(%)}
T
Time-average of one realization: mp =g § x(#) ot
-T
Time-average of the process: My = 35 .K X (£) At
=r

-
E{ M5 = E{z‘;_S:X&) o = ;';_Sr Ef X3 4 =—,};_I: g df = g

Definition: If 7‘-‘1»"& E{( My -mx)zj =0 then X(¢t) is said to be
ergodic with respect to the mean, and we write

wy = L c.m. — S X(t) 4¢  (Limes in mean square)

Interpretation: The time-average of a process is very close to the ensemble
mean with probability that is very closeto 1 (- 1,T — o).
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Ergodicity 2(2)

Definition: A process that is ergodic with respect to all ensemble
averages is simply said to be ergodic.

Theorem: An ergodic process is SSS.

Theorem: A SSS Gaussian process with mean zero is ergodic if and
only if its PSD has no impulses.

Theorem: A SSS process, X(t), is ergodic with respect to its mean if
and only if
T
tem £ (1 () de = mZ
Theo 2T —S'r x b2
holds.
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