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Recall : ML Decision Regions

Result:
Decision regions consist of all
points closest to a signal point.

Notation:
B; is the decision region of
the signal vector s..

Detect ¥ as being the nearest signal.
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Recall: Two signals in N = 1 Dimension

d6s)
fX}A(ﬂao) fX]A()_C|a1)
B T, 5, 45, 5, B ~
BO 2 Bl

Detection:

X _ Ao ifx € BO
- aq if x € Bl

Probability of error:

P, =Pr{A # A} =

PriX € Bi|A = ag} + Pr{X € Bo|A = a;} _ 0 (d(§0, §1)>
. —
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Back to M Signals in N Dimensions

We had:
P=l S pr{XeB | a=a)
M S
1 M-1 .
:MZZPr{XeBJ|A:ai}

i=0 j#i

Hard to calculate!

Could we take this to
the simpler case in
one dimension?

Interprete x as the nearest signal. = /
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Upper bound by overestimating

The Union Bound the decision regions.

We had:
¢1 1 M-1 .
A P =— PriXeB, |4A=aq,
B, 1 DX <B; 4=
3T 05 Define overestimated regions:
B2 Bi,j:{X:d(x’§j)<d(f9§i)}
\ B _ Overestimated error probability:
B 1 T 1,2 ®s,
1,0
: — P<—ZZPr{XeBU|A a,}
i=0 j#i
1 ’ In the one-dimensional case:
By 19
i=0 j#i '\/

Interprete x as the nearest signal. Distances: d, = d(§i,§j)
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The Nearest Neighbour Approximation

We had the union bound:

| e F

Dominated by the smallest distance:
dpy, =Min d, .

l¢]

nl:#].dl.,j:dmin

-

- — % Nearest neighbour approximation:
/ ‘/z/do,z:alz,0 3
-1

nes 2 A

1 = d
o n. min
Interprete x as the nearest signal. M ‘= ’Q(,/zzvoj
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At high SNR E,ys/Ny:
Both the union bound on (and the nearest neighbour of)
the error probability are close to the real error probability.

Alternative upper bound:
As the union bound, but only consider pairs of points whose
decision regions share a common border.

Alternative approximation:
As the nearest neighbour approximation, but consider the two or
three smallest distances.

Very simple approximation: Very simple upper bound:

ool g e
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Special Case: Orthogonal Decision Borders

: dy, ‘
. . d. .
°_ Bl BO ° Define notation: q,; = Q[ < )
d S ] 5, V2N,
12 0,2
S, - 2 2 2
S5 Pythagoras: dy,=d, +d
® B2 B3 ® 0,2 0,1 1,2
UB: F <q0,+ 91, + 9, Alternative bound: F <q,+q,
NN: P ~q, Alternative approx.: P, =q,, +4,,
Exact: £, =g, +41, = 40,92 Lower bound: Fe>a,

(orthogonal noise components are independent)

2018-10-01 TSKSO01 Digital Communication - Lecture 5




Designing a Constellation

= Practical limitations

= Energy per symbol — average or maximum

= Energy per bit — average or maximum

= Recall definitions:

T
E, = j s2(0)dt = [15|12
0

= Average per symbol: E,y, = ZM LE;
= Maximum per symbol: E,,x = max E;

0<isM-1

= Energy per bit: Divide E by log, (M)
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Binary Constellations (M = 2)

4 I
d
P = -

e Q[ TNO]
\_ Y,
( E+E ISl +I5IR )

ave — 2 2
\ Emax — maX(”§0”2; ||§1”2)

J
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On-Off Keying (OOK)

Basis: Signals:
A
_ Solt
o(t) = J2/T cos2nfit), 0<t<T 7] (\)\
Signals: > ¢
Ry o) Vo
50() =0, 51(6) =A- (1) " |
EnergiQS' 94“7' integer. Here 5.
Vi :
E, =0, E, = A2 ectors
0+A4% A2 3 3
Eavg = +T =5 Enax = E1 = A? ﬂso i' y
mgm o
Error probability (AWGN): < 5
n=o(im)=o( )=o) =e(fm) T
e = 2N, = 2N, = No = 2N,
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Binary Phase-Shift Keying (BPSK)

Basis: Scgnals:
A
d(t) =+/2/T cos(2rf.t), 0<t<T o) 5.4
NV,
Signals: U \/ \
= . -A '/r T
SO(t) +A (f)(t) Q,fcr méeger Hcre 5.
s1(t) = —A- ¢(t)
. Vectors:
Energies:
Ey =E; = Eavg = Emax = A? s, S,
Error probability (AWGN): 5!
< >

=) -o() - o (P -o( ) T =
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Binary Frequency-Shift Keying (BFSK)

Basis: Sugnals :
A
t) =+/2/T cos(2mfyt), 0<t<T '
$o(t) /T cos(2mfyt) A}/_J/?T ) /\
$1(t) = J2/T cos@@nfit), 0<t<T /\j\ —t
Signals: @\fg‘r. éﬁ#gv. {{ac&
so(t) = A-po(t), s1(t) =A-p1(t) i1 entegen Rered.
- Vectors: 4
Energies: I'
AeS

Eo = E1 = Eavg = Emax = A ‘\.4,,.: AZA
Error probability (AWGN): S, 4
=o(i) =)= o[5) (/%)
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Comparison of Binary Constellations

= Fair comparison: Same average energy E,y,!

= Error probability

= Q-function is decreasing: Larger argument is better

. OOK:pe=Q(\/%g)

. . p — 2Eavg\ Lowest error probability
BPSK: Fe = Q( No ) (X2 = 3 dB better SNR)

© BFSK: P, =0 /%)
0

BPSK uses phase difference (+4/—A) to maximize d,;, for given energy!

Drawback: Phase coherence (e.g., OOK only needs to compute ||x]|)

2018-10-01 TSKSO01 Digital Communication - Lecture 5




Non-Binary Constellations

Symbol error probability: P Example:

El dmln S.

> 0+ >® °

Bit error probability: P, d/cx/
Eo.: dmjn :.52

Maximum symbol energy: E

Average symbol energy: E

avg Number of nearest neighbours:
Average bit energy: E, no=n, =2
Nearest neighbour approximation:

Number of bits: k

1 ]‘f 0 d_.
Number of signals: _ ok P ~— > n o

umper Ot Sign M=2 IV; L (m]

Relation: E,, =kE, :i(2+3+3+2).Q(...) ng()
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Error Probabilities

Number of bit
positions where
S and Sj dlf‘fel’

Exact:
o ///

_ 1IN % _ _1 Nijp 7 _
Q—M;;Pr{XeBJ|A—ai} Pb_M;;; ; Pr{XeB |Ad=a,}
Union bound: //

pel ¥l 4o RSyl 4
M i=0 j#i 2N0 i M i=0 j#i k 2]VO

Nearest neighbour approx: /
1 M-1 d . 1 M-1 N . d ‘
Pe ~ Q min P ~ L,J min
M ;):j:dijzc:imin ( V 2N0 J b \M i=0 j:dlfiz:‘imin k J ( V 2N0 j
n é( . ) Approx. of average fraction of bits that

differ between a signal and a neighbour,
counting only nearest neighbours.
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Gray Codes

Subsequent patterns differ in only one bit position.

Makes nearest neighbours differ in only one bit position: P, = P, /k.

One bit Three bits
? 0|00 )
- > Two bits
Two bits 0111
0|10 )
0[0 | | 110
91 : one bt 111 1 Two bits
111 One bit 110 1 reflected
110 | reflected 100 |
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In general, n bits:

0/00---0 ]

3 D > n-1 bits
0|110---0 )

111 0---0

: K n-1 bits
- ’ reflected
110 0---0




Amplitude-Shift Keying (ASK)

S3(6) - So(t) —

A S -e S1
Basis: MVFEN - ¥ Vs
AV +
¢(t) =/2/T cos2rf.t), 0<t<T AT
I — . -3A g ,
Signals (M = 4) TR ey b dore &
s1(t) = —=s,(t) = A- ¢(t) i
s0(t) = —s3(t) = 34 $(1) AT —
Energies: 3. 52 S %o U
+——o—+o—o—>¢
Eavg = SAZ: Emax = 9142; Eb = 5A2/2 A Ao A
- &> E—>—>
Error probability (AWGN): D rnsis i

Pez1+212+1Q<f}%):§Q<\/22ATO):§Q<\/%>:%Q(\/%)
= = e(J5) =30 (J5)
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Quadruple Phase-Shift Keying (QPSK/4-PSK)

Basis: So(t) === sy(t)

s1(t) — s3(t) ===

bo(t) =+/2/T cos2rf,t), 0<t<T
d,(t) =+/2/Tsin2nfet), 0<t<T
Signals (i = 0,1,2,3):

5;(t) = A cos ((21+1)n) bo(t) — As ((21+1)7T) ¢1(t)
Energies: ?
E; = Eayg = Emax = A%, E, = A%/2 e :
Error probability (AWGN): |

e 20(p) =20 () =0l ) -o(([B) | P
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M Phase-Shift Keying (M-PSK)

Example: 8-PSK

¢,
Basis: 1 g A 5, 101
¢o(t) = y2/T cos(2rfet), 0<t<T T 100
110 *® °°7
¢,(t) =2/Tsinrf,t), 0<t<T ' —> ¢,
Signals (i = 0,1,2,3): 010 f;%;r | * 50000
(2i+1) (Ri+1)m §"""":—1

si(t) = Acos (P28 po(t) — Asin () gy (1) = | 3

. «— —>»
Energies: TN

E;i = Eavg = Emax = A2, E, = Az/k

Error probability (AWGN):

P, = 20 (jﬁ) 20 (%sin (%)) =20 (\/%sin (%)) =20 (\/%sin (%))
ro~ % ~ oSt () - fo  [Btan ()
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16-QAM (Quadrature Amplitude Modulation)

Basis: o
do(t) = /2/T cos2nf,t), 0<t<T ooy

$1(t) = \/T/Tsin(anct), 0<t<T : :‘:* : : |
Signals: S I -
s; i (£) = s;¢po(t) + s;1(t), 55,57 € {+A, £3A4}

Energies: . ,1 e e

E; = S{ + 57, Eayg = 1042, Eppay = 184%, Ej = Eayg/4
Error probability (AWGN):

_ 4-4+8-3+4-2 24 1\ _ Eavg) _ f@
Fe = 16 Q(\/ZN) Q( 5N0)_3Q( 9No)
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Frequency-Shift Keying (FSK)

Basis:
b:(t) = \/2/T cos (Zn(fc+ %)t), 0<t<T .
i ={01,..,M—1}

Signals:
si(t) = A - ¢i(t)

Energies:
E; = Eavg = Enax = A2, Ep = Az/k

Error probability (AWGN):

e -on(5) -0 ) -
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Orthogonal Frequency Division Multiplex
(OFDM)

= Principle for N dimensional signal

= Use many 2-dimensional modulations (e.g., PSK/QAM)
= Use N/2 different frequencies:

k
fk:f0+f' OSk<N/2,

for base frequency f, and 2f,T being an integer

= OFDM signal generation

N1

2

s(t) = z (S2k COS(2Tfict) — Spp41 SIN(27fict)) Io<e<ry(E)
k=0
for0<t<T
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OFDM continued

Alternative representation
N

51
s(t) = z (S2k cOS(2T fit) — Sap41 SIN(2TTfit)) Io<r<ry ()
k=0
j2mk, .
= Z Re {gkeTtejznfot} Iio<t<ry(t) With §p = Sop + jSok41
k=0

Complex baseband representation:

N1 ok,
= S() =2 o Ske T for0<t<T

nT

= Sampled attime t = nT/(g)I S[n] =3 (N/Z

)for 0<n<N/2

N_4 j2mknT

= 3[n]=Y2_ 5¢e V2 isthe IDFT of § for 0 <k < N/2
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Generating an OFDM Signal

= Generate §(t) by PAM of §[n] (using sinc pulse function)
= Generate s(t) from 5(t) as

s(t) = Re{3(t)e/2™ot} = Re{5(¢)} cos(2mfit) — Im{3(£)} sin(27fi t)

~r- ('(:)S(Q’;‘Tf}ﬁ)
— O —— -
e - )
== 2| s 20 | = | Refstnl) [
— ] - - .= =
= 2 g p(t)
Data in =T = — 9
— o ! o0 h{
=Lz 2 <
Tj | > “é SN/2-2 SIN/2 — 2] E: Im{s[n]} | pAM
s B 2 |- e " p(t)
— 5 | SN2 SIN/2 —1]
] ————— .
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Detection of an OFDM Signal

51 s[1]
o = 7 )
= = = So 5(2] —= | Re{s[n]} | pam
— —— o ————————— - o -]
= - & o p(t)
~ — — J2
ata i =P < - o
Data in - : = o :
= | | @ - 0
— | } ~ ~f N — ~
< el 2| Snpe- §[N/2 — 2] = | Im{3[n|} | pAM
P! ™ - S ~T N\T /¢ Ay p(f>
| ] 8 ,5;\;*/2_1 S[A\/Z — 1]
- — .

sin(27 fot)
Detector — Opposite process

= Sample
= FFT

= ML decisions for each frequency separately
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Example: LTE (4G)

= Bandwidth: 10 MHz (effectively: 9 MHz)
= OFDM with N = 1202
= N/2 subcarriers with 2-dimensional constellations
= Constellations: BPSK, QPSK, 16-QAM, 64-QAM

= 9.10° symbols per second

= Data rate (no errors)
= BPSK: 9-10° =9 Mbit/s
= QPSK:2-9-10° = 18 Mbit/s
= 16-QAM: 4 -9 -10° = 36 Mbit/s
= 64-QAM: 6-9 - 10° = 54 Mbit/s
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