Demodulating Frequency Modulation
TSDT14 Signal Theory

Lecture 8 As for PM: Derivative, envelope detection and HP filter gives us:

Analog Modulation — Part 2 )
Repetition of Sampling and PAM (deterministically) Ago{m(t)}
Sampling and PAM of Stochastic Processes

ForFM:  o{m(t)} = a/ m(t) dt.
Mikael Olofsson
Department of EE (ISY)

Div. of Communication Systems Then: A%qﬁ{m(t)} =A % a/m(t) dt = Aam(t) Donel
at) —~ 4 i'gtvi‘t’ff BP filter |—= Aam(t)
II.“ H“K/%%’S\IEET Ilo NGRS TSDT14 Signal Z:T:Z;_;mrez
Demodulating Phase Modulation Alternative Demodulation
Sent signal: x(t) = A-cos (27rfct - qb{m(t)})
I d d
D . — = — — 1 5
erivative 5 tx(t) A <27ch + dt¢5{m(t)}> sin (27rfct + </>{m(t)}) o(t) ——] sen(a) 4 N P e | o St

d
Envelope detector givesus: A (277 S+ d—tgb{m(t) })

BP or HP filter gives us: Adp{m(t)}
For PM: o{m(t)} = am(t). —
¢ d sgn(z) =< 0, x= ,
Integrate: /AEqb{m(T)} dr = Aa (m(t) — m(to)) Filter! -1, = <0.
to
z(t) % ?12:::;5: BP filter fti) s Aam(t)
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ACF of Angle Modulation 1(3)

ry(t+7,t) = { A cos (27&(2‘ +7)+Pa(t+7) + \I/> - A cos <27fo + Dy(t) + \I/> }

- 472]3 {u»( mfe(2t +7) + Ra(t +7) + Pa(t) + 2\Ij>}

+ {7]3 {(os (27,/‘;7 + Pa(t+7) - (I)“m) } '

A2

A2

_ A elre [edbmfer+Ratrr)=Ba(t)]}
2

A2
— A Rel E [iRatn-2a0)} i2mser
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Broadband Angle Modulation

Modulation of a Gaussian process

Assumptions: $4(¢) isan ergodic Gaussian process, mean 0.

v is uniform on [0,2r) and indep of P4(7).
Signal: X(f) = A cos (Q/Tf(f + (I)d(f) + \I/) = myx =0
Phase dev.: Dy4(t)
1 1
Freq. dev.: Fa(t) = - (([—t(l)d(f)
i p -2 : 1 d?
Relation: Rp(f)=fRe.(f). =  rp(r)= Ly
d d d ()’T) (]7_2 d
Definitions: &7 = 214, (0) 2= 20y (0),
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ACF of Angle Modulation 2(3)

2
We had:  ry(t+7,t ):iRe{E{ i(Ra(t+7)=Ra (]} pi2mfer }

Temporary Gaussian variable: Y = &gt + 7) — $4(t) (mean 0)

Then: E {(rcjy} =E{cos(Y)} + jE{sin(Y)} = E{ cos(Y)},

Important observation: This is real valued.

A2 7 o A? v .
Rewrite: 7ry(t+7.t) = TE {(Jy } Re {('ﬂ”f“‘ } = TE {r'-ﬂ }(‘().\'(27)&7)

We have, with = —1/2mx, using the identity F,{c~ /D) = 7 ¢=mUT)
Y —ionfY . 1 _y2/202
E{"} =E{c} =F{)}=F { ol }

— (,—(27rf(7y)2/2 —rr;)'./Q

=e
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ACF of Angle Modulation 3(3)

AT,
We had:  rx(t+71) =—-¢ i

cos(2m f.T)
Recall: Y = ®4(t+7) — Pg(t) (mean 0)
We have:  of = E {(@u(t +7) = a(0)"} = 2r4,(0) = 2r3, (7).

Mean and ACF independent of time t. Wide sense stationary!

myx =0 ry(7) =

N
[\Jl"‘;‘*
[}

14 () - cos(2m fer) I'l\;(T) = "ea(M 78y (0)

The introduced process X () is a normalized baseband
representation of X (#).
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Bandwidth of Angle Modulation

Define bandwidth By as the width of the frequency band, symmetrically
around the carrier frequency that contains 90% of the power.
By /2
Re(f)df =0.9.
—Bx/2
Broadband = m% very small. Ignore!

BX‘/Q
LU gf m00,
. T Jd
—Bx /2
We get:
I : Bx/?
cem U gr = ( & ) ~ 0.05 = Bx =~ 2.33f,
— - c d —— 0.05. x ~ 2.33fq.
Bl//‘) \//:' f(l fd/ﬁ
/2

Compare Carson’s rule: Bandwidth is slightly more than 2-f; ...
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PSD of Angle Modulation

Wehad:  ry(r) = g (r) - cos(2nfer) .

g, (T)—7g,(0)
T)=¢€ ®a ®q
3 (1) =¢

X

Recall: ¢ = 2rg (0) fi =2rg,(0),

This holds if 75 (7) has no periodic components and @,(¢) has mean O:

"_2772).Fd (0)r2

re(T) ~ 171:2\1 +(1- m:‘%) - € = ”1?\1 + (1 —m%) - e~ (wfan)?

X
17112\; =20 = =43/
Spectrum: Ry (f) ~ma(f) + el
TRV
4 4
Carrier Sidebands

The only relation to Ry, (f) is through 7, (0) and 74, (0).
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Special Cases: Broadband PM and FM

Phase modulation: Oy (t) = a M(t),
ra,(7) = () = B 200
Ray() = Ry() = G- 00
Frequency modulation Oy(t) = a / M (t) dt,
R =+ Lo = L)
i) = (55) rut = - 2265
Rey ()= (&) By =4 T
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Narrowband Angle Modulation

We have:

X(t) = Acos (2nft + y(t) + V)
Acos ((bd( )) cos (2mfot + W) — Asin (‘I’d( )) sin (27 fot + )

Narrowband modulation, i.e. ®,({) is small:
X(t) = Acos (2rfet +U) — Adq(t)sin 2w fot + P) .

Spectrum:
A2 , o A2 ‘
Rx(f) = T(O(.f + )+ —f))+ T< o, (f + fo) + Ry, (f = [2))
4 4
Carrier Sidebands

We get AM in the so called quadrature component.
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AWGN Impact on Phase Modulation

Tter | X(®) +Wi() Y (t) + Wa(t) lker
X(t) +W(t) — Bgli(l.l;)( 41> Demod L]I_)I:(;t) Y (t) + Ws(t)

Output signal:  Aam(t) Output signal power: Py = A%*Py

. : o
Can be shown: p,, ()= 2Ro, ] < Bx/2,

2 0, elsewhere,
. i 1, |fl< B,
Filter: Hy(f) = 17
0, elsewhere.
|f| < B,

Output noise: Ry, (f) = |Ha(f)|* Ry, (f) = {)Ro

elsewhere,

B
Noise power: Py, = /Rn ) df = /2]?U df = 4BR,.
B Py _ A42(12R'\[
Output SNR: K ~ "iBR,
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AWGN Impact on Angle Modulation

e | X(®) +Wa(t) Y1) +Wa®) [T fitter
X(t)+ W(t) — Bgll(l;) : Demod Lzzl(ll‘t.)' Y (t) + Ws(t)
Noise PSD: Ry (f) = Ro
. ; L |Ifl = fe| < Bx/2,
Filter: Hi(f) = 171 ‘ /
0, elsewhere.
. . R | — fo| < Bx/2,
Filtered noise PSD: Ry, (f) = |Hy(f) PRy (f) =4 171 | x/
0, elsewhere,
0 fet+Bx /2
Filtered noise power: P, = / Ry, (f)df =2 / Ry df = 2BxR,.
—0oo fe—Bx /2
A? Px A2 A
Signal power: Py =— Input SNR: — = =
gnaip X753 P Pw.  2BxRe  4BxRq
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AWGN Impact on Frequency Modulation

] X(0) + ) Y (£) + Wa(t) T .
X(t) + W(t) — B[};l[(lft) ' Demod ’ LI}_)I;(I;) Y (t) +Ws(t)
Output signal:  Aam(t) Output signal power: Py = A%*Py
2 2R, i Bx /2,
Can be shown: Ry, (f) = fRo, |1 < Bx/
0, elsewhere,
. ) 1, |f] < B,
Filter: Hy(f) =1 171
0, elsewhere.
. y 2f?Ry, |f| < B,
Output noise: R f) =1 . o Il
0, elsewhere.
. X P — —lBgRo Py o 3#12(12[);\[
Noise power: Wy =~ Output SNR: Po. - 1B°R,
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Linear Mappings

S ling:

e (0 o L5 yin = x(n)
Pulse-Amplitude Modulation:
(PAM) yird P > =X ylnl pl¢ - nT)
Reconstruction: (]

—Sn—t: oo | Y | PAM
ton—t: x(t) nTO i —> Z(t)
- PAM [ Ult) [ X%
noton: xn] (0 nTO —> Z[n]
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Sampling — Frequency Domain

Original spectrum:

x(f)

N

Variable substitution:

X (

AN

N

1)

)

Periodic repetition:

WT
2. x(e-m)f.)

A

-1 -1

Y[6]

7
W WT 12
y

1 ~12

W WT 12

Y[ol=£> x(6-m)f.)

f

6
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Sampling — Deterministically

(from S&S)

x(1) > 'j? yln] Sampling frequency: f,= 1T
Time domain: y[n] = x(nT)
1 6—m
Frequency domain: Y[o] = TZ X <T) =f Z X((6-m)f)
m m

If X(f)=0 for | f| =f/2:

Y[6] =/ X(6f)

Y[0]=Y[0+k]

for | 6] <1/2

for

kinteger

II LINKOPINGS
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PAM — Deterministically

PAM

oy [

y[n] —>

Time domain:
2(1) =Y, yln] p(t = nT)
n
Frequency domain:

Z(f)=P(E)Y[fT]

Example:

(from S&S)

II LINKOPINGS
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PAM — Frequency Domain

Lf)=PE)Y[fT]

Original spect?:\ y{ﬂ /\
T : T : T T : T : T 9
-1 -12  -WT wr 12 1
Variable subst?{ ?Y\[]“T] /\
T I T i T T { T =‘ T f
. —f/2 =W w 12 Is
Spectrum of the pulse: P(f)
} } } f
-W w
The result: A
PO)Af. | Z(f)
e | : : : =y f
—f. —f/2 =W w 12 I
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Sampling of a Stochastic Process 2(2)

If Ry(f)=0 for | f]|=f/2:

AR N R

=X(nT) Assumption: X(t) WSS

((6-m)f.)

m

R61=f,Ry(6f) for |6]<12

Ry[0] =

R0 +k] for kinteger

LINKOPINGS
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Sampling of a Stochastic Process 1(2)

X(@) > 'j? Y[n] = X(nT) Assumption: X(t) WSS
Mean: My [n] = E{Y[n]} = E{X (nT )} = m,

1 1

Definition Sampling X(t) WSS

y

ACF: Ty [n, n+ k] =E{y [n]Y[n + k]}z E{X (nT)X ((n+ k)T )}= Ty (kT)
This is sampling of the deterministic function ry(7).

PSD: R,[0]=— ZR ( j ZR (6-m)r.)

R TSDT14 Signal Theory - Lecture 8
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PAM of a Stochastic Process 1(3)

PAM

—> Z(1)
p(1)

Y[n] —>

Time domain (naive approach):

1) = Z Yinl p(t - nT)

Problem: Does not retain WSS.
myf) = my Zp(t —nT)
n

rt+17) =
= XY p(t-nT) p(s+7-mT) ryln-m]

Time domain (alternative approach): ¥ unif. [0,7]
2(t) = X, YIn] p(t —nT-¥)
n
Mean:

m,(1)=E{Z(t)}= E{Z Y[nlp(t - nT - '{I)}

= Z E{Y [I’l]}E{p(t -nT -¥)} (indep.)

Y & Y[n] indep.

= S, [ ple=nT )1, )y

_mZI (r=nT - 1//) dy /%;:”Z;W/
Y%Z Ip(¢)d¢ —my*.[p

n t—nT-T

3

1
= ?P 0)m, | Independent of 7. |

II LINKOPINGS
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PAM of a Stochastic Process 2(3)

ACF:

r(t+7.0)=B{Z(t+7)Z(t)}= E{Z Y[nlp(t+7-nT =¥)> Y[mlp(t - mT —\P)}
=Y Y E{¥l [nBE{p(r+ 7 - nT - ¥)p(c - mT —¥)}
=ZzrY[n—m]JT-p(t+T—nT—l//)p(t—mT—y/)%dyfz/kzn_m/
:%;ry[k]zm:Ip(t+1‘—(k+m)T—y/)p(t_mT_V,)dy,z/¢—dv;:r:;—7
=25 WIS [rle-kr-ono)ao= [ detme 30)=p(-1) /

m- mT -t

= 7 XA [ pC 4T =059 = 1 X ] (px p)e - 4T)

| Independent of r. |
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PAM of a Stochastic Process 3(3)

1
Mean: m, = FP(O)mY

ACF: rz(z')z%z ’y[k](P*ﬁ)(T—kT) Thus WSS

k

Independent of 1.

b R,(1)=F {1kl p)e- 1)

Notice:  The sum is PAM of r,[k] using pulse ( p * B )(7).
F (> pel= (s )

Recall deterministic PAM:

R,(£)=F|P(r) R ]
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