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3- & 4-Dim. Jointly Gaussian Variables

E{ABCD} = E{AB} - E{CD} + E{AC} - E{BD} + E{AD} - E{BC}
~2-E{A! - E{B} - E{C} - E{D}

X

E{ABC} = E{AB} - E{C} + E{AC! - E{B} + E{A} - E{BC}
-2 E{A - E{B} - E{C}
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Prediction
WSS TD process X[n]. Prediction error filter:
Task: Predict next sample. hi[n] = h[n] —6[n+1]
Method: Filter the signal. H,[0] = H[#] — e/27?
X[n] Y[n] Mean: m; = (H[0] — 1)my
/ Unbiased: my; =0

Prediction of X[n + 1] S H[0] =1 0
=lormy =

Prediction error:

Quality measure (distorsion):
Z[n) =Y[n] — X[n + 1].

&? =17”z[0] = (hy * by *1%)[0]

Interpretation: =f [H,[6]11% Rx[6] d6
0
X[n] hy[n] Z[n] _
- hy[n] = hy[-n]
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Example: Amplifier 1(3)
X(t) >~ Y(t)

L~
Input: X(t) stationary Gaussian process with my = 0.
Output: Y(t) = X(t) + eX°(t). Quadratic distorsion.
Mean: my = E{X(t) + eX°(t)} = eE{X3(t)} = £7(0)
my T= 0
ACF: ry(r) = B{Y(t) Y(t+1)} = B{(X(t)+eX(t)) (X(t+1)+eX°(t+1))}
= E{X(t)X(t+1)} + e B3 (8)X(t+1)} + eE{X (£)X(t+1)} + e EXC(H) X (t+1)}
\TXTT)1\=?J\=?JT/
oo S e 4




Example: Amplifier 2(3)

E{X°(t)X(t+1)} =
= E{XC(t )V EX(t+1)} + 2E{X(¢)FE{X(t) X(t+1)} - 2E%{X(t )} E{X(t+1)}

= 10) my + 2:myrift) — 2 mx = mx( r{0) + rl(t) — 2my ) =0
E{X(t)X(t+1)} = ... = my(ry(0) + ryt) — 2m,°) = O +— Since my=0

E{XC(t)X(t+1)} =
= E{X°(t)FEXC(t+)) + 2E%{X(t) X(t+1)} — 2B {X(t )} E*{X(t+1)}
=Tx (O) + 2'rx (t) - Q'mx =Ty (O) + 2'rx (1) «— Since my=0
Totally: ryl1) = 1) + €(r (0) + 2:75° (1))
Ry(f) = Ryf) + £*(ri(0):8(f) + 2(Rx * Rx)(f))
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Squaring a Time-Discrete Gaussian Process

Inpwf: X[ sﬁﬁénarg Gaussiarm  with myg =0. (Band bewnitecd )
Output: Y [v] = X*[") relK) = mlol+ zrf[E]
yl6] = rtlo)- éé(e—m) + 2Rz ® &)[ef
T

!
Peciodic convolution: (bx®tg)e]= (br[d1kglo-g] s

O<W<'ly £xlél Yy<W< Yy EX[GJ
-2 —.\ -wl w i 2 o "W w « 2
Ry lel £y 6]
| | _u/\_ﬂﬁ
NA A A A,
-1 -1 | U 2
A lva.so n 5 .,
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Example: Amplifier 3(3)

Lowpass signal:
Most of the

I?,x({') distorsion
ézr.-x’:‘ () &8(f) cannot be

filtered out
(R £r) (f)

>l
t

Bandpass signal: All of the

//é\\
(f) distorsion
ZK iz can be
e 8(F)  fittered out
2¢"% (B'x*fz}(ﬂ
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Price’s Theorem

Useful to determine the ACF after a nonlinear mapping of
Gaussian processes.

Prerequisites: (A, B) is jointly Gaussian with mean (0,0),
f(a) and g(b) are functions, usually nonlinear,
and p = E{AB}.

Tl

OB

Then we have:

AR _(om
gy BU (g (B)} = E{

IA g(B)}
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Example Price’s Theorem 1(2)

Asswﬁbns: X® sfnof@ sﬁﬁonaﬁ

Gausscan Frocess with mg =O.

YY) = X6)

Objecture:
Hethod.

Express 1y (7) o r (7).

Preces theorem with A=X(t), B8=X(¢+1),
¥@ =g(a) = a?  and $=rx(7).

We have rz(t') =

Prece’s theorem

E{Y@OTG+t] = E{X'Q) X 0)S = EJ £(Z(2)- (X (2«2}

for n=1 y'vcs us

S )= E{ St 53303) - {34 = Ef24-28§
-‘/E{x(f)x(hr)} ‘/:i(r)

This gues ws

Y () = 4rg(1)-3%(r) = [drp(r) = f4rg®) o (r) =>

() +C, = 25HE)+ O,

= ;‘"Y(r) :Q,Y‘:xl(‘l') + C

II LINKOPINGS
o UNIVERSITET

TSDT14 Signal Theory - Lecture 5
2018-09-20 9

More Non-Linearities

Situation
From The input to a momentary non-linearity is a Gaussian process X (¢) with mean
Tables & Formulas, mx = 0 and auto-correlation function 7y (7).
Page 15.
Identities
Y (t) Ty (7)
X2(t) 2r%(m) +7%(0)
X3(t) 6r% (1) + 9% (0)rx (7)
X&(®) 2474 (1) + 72r% (0)r% (1) + 9r4 (0)
X5(t) 12073 (7) + 600r% (0)r3 (7) + 225r% (0)ry ()
X, X>0, () x (1)
{0. X <. "'T +27r [\/TX —1%(7) +ry (7 drcsm( X(g))]
_r (0> r (T) rx(7)
=5 tot INXY(O +-
sgn(X) 2 arcsin ( ,‘ﬁg;)
X
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Example Price’s Theorem 2(2)

We had: rp()= 2ri(@) + C
Objectve: Determine the constant (.

How 2 Chovse a T such that Fp(t) =0 holds.
Thew: X)) 2 X(£1T) are uncorrclated.

, ‘ = X &ETrt) nclep.
But : @) L X (4t soutly Ganssiam

So :

rE)=0 In,@,o

C=r@) = E{x‘(é)ﬂm)f E{X'®) E{z‘&fr)} i (o)

Totally: rI('t') 26}®) + i£(0)
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Half-Wave Rectifier

From the table: X X>0
{ ’ =0 @1 [ 1% (0) — 7% (1) + ry (7) arcsin (—::E;;)]

0, X<O0. 4 2

SR O L.

Complete Maclaurin expansion:

(O rxl0) R0 @3y (0) <r-x<r>>2”'

T
ry () = );ﬂ, 1 drry(0) ~ = 2m- (2n—1)- (2n)!! \rx(0)

n!l is semi-factorial (product of every second positive integer):

6!!=2-4-6=48 and ™M=1-3-5-7=105.
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