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Fourier Series Expansion

Demands on the signal x(t):
1. Periodic, period T.
2. Absolute integrable: 'ﬂx(tx dt < oo

3. A ﬁnite numbeI' Of 0 Jean Baptiste Joseph Fourier

local min & max in a period. 1768 - 1830

4. A finite number of discontinuities in a period. |/ \ 7\

Then X,, X,, ¢, exist for ke {1,2,..., e} such that W
x(t)=X0+i}2k sin(k27f,t + @, )
kzl%—J
holds with f, =1/T. \
Tone number k. | l J
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The Principle sine in — sine out

For LTI systems, we have:
Sine in — Sine out (the same frequency)
Compare to particular solution of a differential equation.
Also: the jo method.
Linearity implies:
2. Sine in — X Sine out
Desireable:

Describe signals in terms of sines.

Thus: Fourier series and Fourier transforms
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Complex Fourier Series Expansion

oIkt _ pmilk2afire,)

—e

j2

Euler: sin(k2afit + ¢, )=

Result: x(t)=X,+ i X, sin(k27fit +¢,)
k=1

sl )2 ef(/’k . }? e*j(/’k . oo .
=X + k—elkZ#lt _k—e—Jk27gf,t — C e’kz'f"
‘ Z( Jj2 J2 Zm ¢
T —— R
Co Gy .
. 7
Relations: X,=C, o=+ arg(C,), Vk>0

X, =2/C|, Vk>0 C,=C,. Vk
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Determining C,,

Consider:

T

0 0 m=—e>
Thus:
1 T
C,=—|x(t) e ar
=50
But also:
tO+T
1 J‘ 7]/(27?1[ dt

T o
[x(e)e 7 dr = [ 3 C, e e ar = ZC j sk gy =T,

%(_J
B {Q m#k

T, m=k

Reason:

x(t+T)=x(r)

e—ij/gf,(HT) =e—jk27r(ﬁr+l) = gk

LINKOPINGS
Il.u UNIVERSITET

TSKS02 Telecommunication - Lecture 2
2018-09-18 5

Fourier Transform

Demands on the signal x(r) :

* Absolute integrable: _ﬂx(t)‘ dt <o

* Finite number of discontinuities.

0o —
Jean Baptiste Joseph Fourier

* Limited variation: x' (l‘x dt <o 1768 — 1830

—oo

Transform:

X(f)=F )= Tx(,)e—jzaftdt * Spectrum of x(1): x(f)

* Amplitude spectrum: ‘X (f)

Inverse transform:

()= "X (f)}= [X(f)e”"'df | *Phasespectrum:  arg{X(f)}
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Properties of Fourier Series Expansions

Let x(t) and y(t) be periodic signals with period T and Fourier
series coefficients C, and D, respectively.

Signal Fourier series coefficient # k
ax(t)+by(t) aC,+bD,

xt-7) Cye~ 2

x(at) C, (period T/a)

d .

Ex(t) jk2nf,C,
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Signal Power and Signal Energy — Parseval

Signal energy: T\x(t)\2 dt

—oco

Signal power: |x(r)’

Parseval’s relation (special case):

[ty at = Tx(;)x*(t)dt = [[X(F)e™ " dr () e =

—jx j 1)e>" dt df = jx *(f)df:f\x(fxzd

2

Energy spectrum: |X(f)

Parseval’s relation (generally): fa(f )b (t)dt = .[A(f )B"(f)df
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Output from an LTI System

Notation: A(f)=FHale)} B(f)=5{ol)}

Property: ﬁ'{(a*b)(;)}:j *b)t)e > dt = .[f b(t—7)dre " dt

—oco—co

T e drdt / / e ard
e dA=dt o2,

ale)e ™" dz [B(A)e " dh = A1) B()

b e—3

é'—.z

LTI System:
x(t) h(t) y(@) = (exh)(@)
X(f) H(f) Y(F) = X(FHH(f)
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The Principle sine in — sine out

For LTI systems, we have:
Sine in — Sine out (the same frequency)
More precisely:

Input: x(1)= X sin(2af,1 + )
Output: y(t)= X|H(f, fsin(2afyt + g+ arg{H (£,)})

Amplitude characteristic: |H(f )

Phase characteristic: arg{H (f)}

This is the jo method in condensed form.
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Periodic signals

Observation: .7 '{o(f - f,)}= Té'(f—f(,)ejz’f'dt — i

Thus: 7 {e”™ |=5(f-f,)

e./'zﬂfof_'_e*.' (¢

} =26l = s+ ol + £,)

Euler: 7 {cos(27 f,1)}= 3"'{ 5

. el‘z’fo’ _6_127%[ 1
inlor =7 Lol )=t +1)
J 2j

1
x(t) periodic with period T: fi= T
=Y e = XD = ) G — k)
k=0 k=—o00

TSKS02 Telecommunication - Lecture 2
II u LINKOPINGS
{) UNIVERSITET 2018-09-18 10

Classification of Frequency Selective Filters

* A (frequency selective) filter is an LTI system. Usually it lets
some frequency band through or stops it.
* Usually an electrical network — either passive or active.

Notation Ideal amplitude characteristics Real amplitude char.

Lowpass filter (LP filter): ﬁ j\

Highpass filter (HP filter): ] T I— T
— I ™

Bandpass filter (BP filter): T

Bandstop filter (BS filter): ] # — W

Allpass filter (AP filter): T T
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Important Property: Derivatives

Notation: X(f) = {x(t)}

d d [ .
. _ - 2nft
Wehave:  2ox(®) =5 [ X(D e af
oo d . s .
=[x germar = [ X jeny e ap
. dt N
?{%x(t)}
d
Result: ﬂ{ax(t)} = j2nfX(f)
dk
y{mx(t)} = (2 )X ()
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Laws of Electricity 2(2)

Sumple Coreurts General voltages & currents

i) e

Vot A‘ M: Resvotamce : _
age dovi N ?1 systance e 7,-0
Vin + vl =R (D XZG) =0-I6)
R B
- R*E, In : _;::(7)\—_ ZL=‘§ZerL
Current divider: vl - Z_ﬁ‘({) % = jZV{L'I(f)

Capacitance: ‘_lf)_”C_ Z'—';jz_t;ﬁ

+V#) -
i) =ckv®  I()= it Xl
> ¥@-= .17,{,‘75‘ 'I(ﬁ
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Laws of Electricity 1(2)

Lescstance M’Fm
.. 2 ,
Defunytrdu ] The voltage law
(g’lh:"; ("“’) + V- + \/z -
V=R-I - : . N
£ R : Y -
In senes: - o IR L t . .’ B
& - Wt
—
N
2= P (A The currentlaw
51
Dopontiel: [ 5] 2 . [ v
& —4— E; I, =
by I :
=, v
A = L
R~ B
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Important Property: Derivatives Again

Notation: X(f)=.#{()}  We have: gr{jtx(t)}: jorf X (1)

(Din (@) = 2()-»0)=RC5(0)

Example:
RCL (1) + (1) = x(t)
dt

Energy free

+ —U UT y(t) =
x(1) c initially O.

Transform =

j2af RCY (f)+Y(f)=X(f)

Capacitance: i(t)=C%y(t) (1) —  (j2af RC+1¥(F)=X(f)
Resistance: (t)-y(t)=Ri(t) (2) __
A== = Y(f) ijCHX(f)

Transform and inverse transform usually using a table.
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Time-Discrete Signals and Systems

Unit empulse: 8] = { . n=0 Impulse response: h[w] .
e e 0, n#o a d Mikael Olofsson
. [ nzo : .
Unit step: wbd={y 2T Shprespamwe: BT ISY/CommSys
Convolwbon: yn] = (x h)[+] =k:s:° x[k] h[n-k]
<00
Fourver mﬁm X[QJ = F{x[u]g = ng.ox&\] e‘j"’reh WWW|IUSG
Tnverse: <Iv] = F XL} - [ X[6] e 6" 46
(]
Perioducity: Xle]= X[6+k], K cnteger
— LINKOPINGS
v e — how e

Transformations

Sampling
Time domain: X [w] = x(nT)

X&) T [ Freg domain: Z[6]= 4 £ (%)
Sampling freg: s =
Scunplung pervod.: T

Pulse-Amplitude Modulation (PAM)
AT Time domasn: 4 (%) =§‘ax[“]f #n1)
*Cd pe) Y Freg.dmadn: T(t) = X[¢T]P(H)

Normatyzed ’{eg: O={T
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