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3- & 4-Dim. Jointly Gaussian Variables

E{ABCD} = E{AB} - E{CD} + E{AC} - E{BD} + E{AD} - E{BC}
~2-E{A! - E{B} - E{C} - E{D}

X
C

E{ABC} = E{AB} - E{C} + E{AC} - E{B} + E{A} - E{BC}
-2-E{A - E{B} - E{C}

. TSDT14 Signal Theory - Lecture 5
II " LINKOPINGS
) UNIVERSITET 2017-09-07 3

Prediction
WSS TD process X|[n]. Prediction error filter:
Task: Predict next sample. hi[n] = h[n] —6[n+ 1]
Method: Filter the signal. H,[0] = H[#] — e/2™?
X[n] Y[n] Mean: m; = (H[0] — 1)my
/ Unbiased: my =0

Prediction of X[n + 1
[ ] =>H[0]=1ormy =0
Prediction error:

Quality measure (distorsion):
Z[n) =Y[n] — X[n + 1].

2 =17[0] = (hy * by * 1)[0]

1
Interpretation: = f |[H[6]]* Rx[6] 6
0
X[n] hy[n] Z[n] _
- hy[n] = hy[-n]
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Example: Amplifier 1(3)
X(t) >~ Y(t)

L
Input: X(t) stationary Gaussian process with my = 0.
Output: Y(t) = X(t) + eX°(t). Quadratic distorsion.
Mean: my = E{X(t) + eX°(t)} T= eE{X°(t)) = e14(0)
my =0
ACF: ry(t) = B{Y(t) Y(t+1)} = B{(X(t)+eX(t)) (X(t+1)+eX°(t+1))}
= E{X(t)X(t+1)} + e EC(6)X(t+1)) + e E{X (£) X (t+1)) + > EBXC(6) X (t+1))
AN ~ J - ~ J N ~ J —
%(7) =7 =7 =7
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Example: Amplifier 2(3)

E{X°(t)X(t+1)} =

= E{XC(t)VEX(t+)) + 2E{X(¢)FE{X(t) X(t+1)} - 2E%{X(t )} E{X(t+1)}

= 14(0) my + 2:myr4(T) - 2 mx = mx( %(0) + TX(T)_QmX)_ 0
E{X(t)X(t+1)} = ... = my(r0) + rylt) — 2m,%) = O < Since my=0
E{X°(t)X(t+1)} =

= E{XC(t ) ELC(t+1)) + 2EXX(¢) X(t+1)} — 2E%{X(t ) EX{X(t+1)}

=TIy ( ) + 2'rx (t) - Q'mx =TIy ( ) + 2'7’X (T) «— Since my=0
Totally: (1) = (1) + €2 (r(0) + 2:75°(1))

Ry{f) = Rf) + €*(r*(0):8(F) + 2+(Ry * Ry)(f))
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Squaring a Time-Discrete Gaussian Process

Inpwf-’ X[ sﬁﬁémarg Gaussiarm  with g =0. (Band buwnitecd )
Output: T[w] = X°["] rgl¥) = eflo]+ zrg[+]
Eyle] = 57le)- 25(9 m) + 2(Rx @ bz )[ef

Pervodve convolubion : (PX®RX>[97 (&[ﬂ?ﬂxfo ¢7d/

O<W<ly £xlél Yy<W<lp ey le]
111 L, T
-1 -\ -wiw ) 2 -2 Sto-wlw 2
kylel Kz)‘eﬁ
4}1\ A A /ﬁ\ N ﬂ ,T
- - ) ~2
ALoa.son-g.,
huuees T ey

Example: Amplifier 3(3)

Lowpass signal:

le({’) Most of the

distorsion

cz,:xz:. () &8(f) cannot be
26t (R w fg) (f) filtered out

>r
All of the

//é\\
distorsion
Zx(f)z . can be
e 8(F)  fittered out
26 (ﬁx*fx‘)l(f-)
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Bandpass signal:

Price’s Theorem

Useful to determine the ACF after a nonlinear mapping of
Gaussian processes.

Prerequisites: (A, B) is jointly Gaussian with mean (0,0),
fla) and g(b) are functions, usually nonlinear,
and p = E{AB}.

Then we have: 3-%1,\ E{{(A)-g (B)i = E{ﬁ% * —635—: 3(8)5
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Example Price’s Theorem 1(2)

Asswﬁbns: X® sfn'af@ sﬁﬁ‘onaq Gausscan Frocess with My =O.

YY) = X9
Vbjectove : Express Fr(7) o r (7). Mikael Olofsson
ISY/CommSys

Hethod Preces theorem wth A=X(), 8=X(t+1),
_ {@=g3(a) = a2  and $=rg(r).

We have 1y (t) = E{TOTG+t] = E{X°C) X H)§ = EJ £(X(¢)-g(x(2 )}
Price's theorem for n=1 gives us
2 2
51 St 40 -3 '}~ efen 2
= 4 E{X@AX(T)§ = 4 (1)

This gues ws

Y@ = 45 (1) 3(r) = [ap() = [4rgl)oxln) =

= g(@+C = 2@+, = rx(f) =2x®) + C
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Example Price’s Theorem 2(2)

We had: rp(®)= 2rg(@) + C
Objectve: Determine the constant C.

How T Choose a 7 such Chat 't('“)=0 holch.
Thew: X() e X(£tt7) elated.

cn ) +7) arc' wncorr ‘ } > O gxlerr) elap,
But : X&) L X4t o‘amf(g Gaussiam

: C-= = BsX X ¢+t = E4X@S- L =Rt
So fri(r) XU r)zT E{X'®S: EfT @] = it (o)

@) =0 Indep. 1(°)  rz(o)

Totally: rz('t') = 268(®) + i£ (9)
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