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Saturation
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Saturation Error
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Saturation Distorsion Tg
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—00 —00 0
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A —00

SDR - Signal-to-Distorsion Ratio
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Quantization Principles
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Quantization Distorsion 1(2)

X—>_r,f’r'——>Y

The evror: Q=Y-X = g(X)-X

Quantrzatren dvstorscon:
f = EfY = Ef(3(X)-X)]= S § (300" () ox
Assumptrons :

1. MNo saturabion: }LXC") =0 /D" Ix] = A
2. Nice dustububon : fx(x) contrhuous fbr Ix|[< A

3. Small A: fg () approx. const. on infervals of length A,
TSDT14 Signal Theory - Lecture 6
II LINKOPINGS
® UNIVERSITET 2018-09-21 8




Quantization Distorsion 2(2)

. o
5(3@7 D = ZS (ak-x) fe @ o = Zicfk/

zg w f(g,:-tu.)da = 20 () da
Dswmall
w small
=Z () § «Polu > ofe(y) ~ 4 = PriXely
LY =)

Ervor dusbububion = Agprox. wisformly oastr. o [-2,4

Genera dg withowk saturation :

R<d sice Q<2
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SDR for Uniform Quantization with Saturation

Uniform distribution over [-B,B].

Q and S uncorrelated:

SDRyp

Pyis = Py + Ps.

P\- 10f

SDR = ———,
Py + Ps

-40 -35 -30 -25 -20 =15 -10 -5 o 5 10
B/Alas

A—A/2 A2 (B—A+A/2)° A
B 1z + 3B B=A 2

2k A/2)3+(B—(2k+1)A/2)3 r
= {' DA HB-CDA - fA < B < (k+1)A, k€ {0,1,...,N/2 -2}
)+
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SDR for Uniform Quantization

Still limited to [-A,A] and nice enough distribution.

A2
. ,1 Az A2 Px _3Px ., 3Px_,
Py =E{Q*} = _dg=— = = = =2 X N2 _ 2 Xom
e =E{Q’} / TRYU= 73 7 352 SDR=5 =% Az
A/2

3Py 3Py
SDRyp = 1()l<)hl',(SDR):llllog“,< j) +1n-20log;o(2 )~l(]lt>gm< 15\

Example: Uniform distribution over [-A,A].

A
2

-2 5 1 A

A

2 /¢

3A%/3
SDRgp =~ 10 logu,<—/> + 6n = 10log,,(1) 4+ 6n = 6n

A?
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Non-Uniform Quantization

v

Mappleg: Realization
g(z)
* \%\XI%\Y/I%]‘*Y
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. () quantizer rNG)

B
16 levels
Step 64A
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Step 32A
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16 levels :
Step 84 i Smallest step
16 levels | H A= A/2048
g evels
Quantvzation ervor: Step 42
16 levels Average step
q Step 24 16A = A/128
32 levels H Largest step
R [N \NIININ M\I\[\ ,\ z Step A H 64A = A/32
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\\\\\ A
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SDR for Non-Uniform Quantization

Uniform Quantization Non-Uniform Quantization

Zw
2 JAMA/\/I
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\
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// / \
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The Quantization Noise is Almost White 1(4)

Quantization Noise: Q[n] = Y[n] — X|[n]

L

Model of PSD: Rolf] = -

[

Assumptions:
1. that fxo,xx)(z0, zx) = 0 holds for |zo| > A and for |zx| > A,

2. that fx(o,x(x) (o, &) is three times differentiable inside the square |zo| < A, |zk| < A,

3. that fxo].xx (=20, —2k) = fxo).x[x] (0, xy) holds.

Objective:
rq (k]

Show rol0] — 0[k], when A — 0,
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Modelling Quantization of a Stochastic Process

x[]— fr; T[]

Model: Q]

X[ Y

Model :
© The guambization noise s whibe
¢ The dput eud the W'ad‘ﬁbn nosse are uncorvelated .

Reason.:
+ T# s alwost frue under reasonable assumptions.
o Ié gets more bue with smaller guanbization step.
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The Quantization Noise is Almost White 2(4)

ACF of the Quantization Noise for k # O:

A2
rolk] = // G4k fQ01.Q1%1(q0s @) dgo dqy.

A/2

2-D PDF of the Quantization Noise:

./'ngn].(g‘kj(’lw(/A-) e

g

2A

A

3 Fepl ot ((,l, —A-LtiAq—A-L+ iL,A). ool < 2, lax] < 2,
= io=1ix=1

0, elsewhere.

2-D Taylor series expansion of fxo.xp (g0 —A— 5 +i0d. g — A— 5 + i)

gives us:
Ky + Kaqo + Ksqr + Kaqi + Ksqoqr + Keqi + K7(q2 + (/f,):""“’

Joo.om (90, &) = A2
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The Quantization Noise is Almost White 3(4)

What about all those coefficients? Symmetry:
,/l_\'[():._\':l.-](7‘1'(1- —xy) = ,/'.\’[uj“\’[k](~1'u~~"k) = Ky=K3;=0

Result:
’ Ky + Ky@2 + Ksqoqr + Keq} + K7(q2 + q7)*?
rolk] = Qoqk A2 dqo dq..
N
Observation:
A2 A2
// qoqr dqo dqy. = // (lu‘lk dqy dgy. = // (I(I(/A dqodgr =0
—~A/2 —A/2 —A)2
Result:
A/2
Ksq5q; + K7 + ¢
IQ[L // ‘ln 1;. ‘Ill‘lk(‘lo 1/.) (1(]“ dge.
A2
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Input & Quantization Noise Almost Uncorrelated

Same assumptions:

1. that fxo,x (%o, zx) = 0 holds for |z > A and for |z;| > A,

2. that ./'A\-[(,]“\-[k](.ro. zy) is three times differentiable inside the square |zo| < A, |z < A,

3. that fxo).xx(—%0, —7k) = fx0].x[x)(To, zx) holds.

Normalized cross-covariance:
Cov{X[0],Q[k]} _ E{(X[0] — mx)(Q[k] — mq)}

Ox0Q ox0Q

pxqlk] =

Objective:

Show pxglk] = 0, when A — 0, for all k.
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The Quantization Noise is Almost White 4(4)

We had:
A/2

K + K +
]Q[}' // 15 (/U(/}, i7 ’/ll‘IA (’Iu (/L) dgo dgy.

Upper bound:
- Ad |ralk]| fA2
Irq[k]] < KA . < 12KA2%
ro[0]
Result:
m — k],  when A — 0.
I'Q[()]
Conclusion:

Almost white. Closer to white as A decreases.
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Modelling Quantization Noise

Observation:

Fxtonxim (=20, —2x) = fxiopxp (%o, )

= fx(z)&fo(g)even = mo=mx=0
rxqlk] _ E{X[0]Q[K]}

k] =
= /).\Q[] 7x00 7x00

Similar reasoning as before:

lpxolk]| < VI2KAJox = pxolk] =0, when A — 0, for all k.

Conclusion:

Almost uncorrelated. Less correlated as A decreases.
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Quantization — ACF & PSD Relations Poisson Processes 1(2)

A countrng process, (). Time contunuous & amplibude discrede.

Assumptions:
Countung the number off arrcvals sofar.

e Q[n] is uniformly distributed on [-A/2,A/2).

Q[n] is a white process. . .
e Q[n] is a white process Exaﬂ/)ésf A realozation:

e Q[n] and X [n] are uncorrelated. Customers W‘Aa a shop .
Cars ng, b
ACF of output: Y j;“% J_J___,—-L—_:_JJ’
ry[k] = E{Y[n]Y[n + k]} = E{ (X[n] + Q[n]) (X[n+ k] + Qn + L])} /_,,‘aﬁ_-f (caau\hng Phéws) il Interarrinl time, Tn
—> ¢

Packets cn a network ]

Buawaw

=E{X[n)X[n+k]} + E{X[]Q[n + k]} + E{Q[n]X[n + k]} + E{Q[n]Q[n + k]}.

Uncorrelated processes: Properties of a stationary Fousson. process: Interarroal tomes:
E{X[n]Q[n + k]} = E{Q[n]X[n + k]} = mxmg =0, X(0) =0 Ton & Ty ondep. for m#n
Result: X4} X(h). f flét" $r.(t)= A€M, L0
: _ -At
ry k] = 7y [k] + 7o [K]. Ry [0] = Ry [0] + Ry [0). P"{X(é) =k3 —%t-' B )k S, ok FT,,("\) = '—¢-At“; t.20
Pr§ X(¢+7)-X (49 =k} s_(%)_ e’”', t30 820, kel
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Quantization — Power-Spectral Densities Poisson Processes 2(2)
on PN = 3k D=k{ = At A ntenss
Evpectation:  E{X(§= ZHPr{X()=k] = A (\ #4.)
Varince : Var §X(€)} = At — frtzo
Ry[0
y o R ELTY0] - EYE] + r ST = AS(1+AD)
' —| I_" Increments:  X(4+2) -TW).  Nonoverlagping increments ave indgpendent.
‘ 2 i - ACF (ost,¢,): rg(t,,t,) = ELXE)XE)] = EfX()(Xlh)-Xt4)+X(2)]
Qmﬁw"( 3 Bv16] = Ry[6] + Rolf). = Ef (X(£)-X(o))(X () X&)} + E{X (%)}
- -- qu'LM, 0<t,¢%,
| I | | I_ = e{ X(4)-XO}EfX(4) -X )] + E{X )3
L] = $ 9

M (A= A8,) + K (1408) = At,(14A8)

i I
Quantizatson Error ACF (ost,€4): rx (4, 2,) = My (1+A%) (similanity)

ACF(total): ryg($,4,) = A minft, 3,3 + A24:2,
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