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1
At least two of the following three sub-tasks have to be
treated correctly as partial fulfillment to pass the exam:

a. The definition that we have been using in this course
is that the PSD of the process is constant, which
among other things assumes that the process is sta-
tionary in the wide sense. There is an alternative
definition which demands that different samples are
uncorrelated, which corresponds to a constant PSD
for non-zero frequencies and that there may be an
impulse in the origin, which is caused by the mean of
the process.

b. We were given the PSD
Rx[0] = 1 + cos(270),
and the spectrum

j -sin(27f/10),

0, elsewhere

5 Hz,
P(f) = 1<

of the pulse, and also the sampling frequency 5 Hz.
Then we immediately have

Ry () = ZIPUP - Rx(fT]
_ {5sin2(27rf/10)(1 +cos(2nf/5)), |fl <5,

0, elsewhere

|f] <5,
elsewhere.

5(1 — cos(4r f/5)),
05
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c. According to Page 15 in the T & F booklet, we have

9% (0)rx (1) + 615 (7)
9e~ 17l 4 63171,

ry ()

where we have used the relation ® =

2
The signal Y[n] is the output of a filter with impulse re-
sponse

hin] = i(é[n 1)+ 26[n] + 8[n — 1))

where the input is X [n]. The input is WSS since we ex-
press its ACF in only one time-variable. Then Y[n] is also
WSS. The frequency response of the filter is given by

1/ . . 1
HIO) = 7 (/27 +2+¢7277) = (2 + 2cos(2m0))
14 cos(270)
=
Using the T & F booklet, we find the PSD

3
5 —4cos(2n0)’
The PSD of the output is given by

Rx[0] = F{rx[k]}

Ry [0] =|H[0]*Rx[0] = 43((; j iﬁgi)e)» ’

and its ACF is given directly by the definition
ry (k] =
=E{Y[n]Y[n + K]}

_ 1%E{((X[nﬂ]+2X[n]+X[n*1])X

><(X[n+k+1]+2X[n+k:]+X[n+k:—1])}
1

= 1—6(7")([]{3 — 2] +4TX[k — 1] +6rX[k]+
+drx[k + 1]+ rx[k +2])
1
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The power of Y[n] is

E{Y?n]} =ry[0] = % = 0.65625.

3

We have Y (t) = z(t+ V), where ¥ is a stochastic variable,
uniformly distributed on [0,7"), and where we have the
periodic function

1, 0<t<T/2
x(t) =
0, T/2<t<T

and z(t) = x(t + nT'), where n is an integer and T is its
period.

a. To determine if Y'(¢) is WSS, we need to determine
two things, namely that the mean my (¢) and the
ACF ry(t,t+ 7) are both independent of ¢.

Let us start with the mean:

my () = B{Y (1)} = / 2t + ) fu () di

We integrate over one full period of the signal and
fu(v) is constant over the complete integration in-
terval. Thus, we can integrate over any full period of
the signal, and we get

my (1) = / £(6) fu () i,

which does not depend on t.

Then the ACF:
ry(t,t+7)=E{Y(@®)Y({t+7)}

_ /O ot + )t + 7 + ) fu () dip.

Again, we integrate over a full period of the signal
and fg(¢) is constant over the complete integration
interval. Thus, we can again integrate over any full
period of the signal, and we get

ry (64 7) = / 2()e(r + ) fu (¥)

whis is also independent of ¢.

To conclude, neither my (¢) nor ry(¢,t + 7) depend
on t. Y(¢) is thus WSS.

b. We define as usual the stochastic variable

1 T
M,

= — Y(t)dt
=5 [ YO

The signal is ergodisk with respect to its mean if
E{(M7y —my)?} tends to zero as Tp tends to oo.
Let us therefore study the quadratic mean

2 1 o ’
—41o0

T, T
1
=— / / E{z(t+ V)z(r + )} dtdr
AT
—To —To

4T / / y (t —7)dtdr.

The ACF of Y (t) that we determined above can be
rewritten as

T 0<7<T/2,

ry (1) =
. T/2<7<T,

e R L
N =

repeated with period T. The ACF ry(7) is thus a
periodic function with period 7', and given the sym-
metry of the ACF, we also have

/t () dr =T)a

This gives us the possibility to bound the inner inte-
gral in the expression of the quadratic mean, and we
get

To oy, — TooTy+T
/ 16T2 d < E{MT < / 617 dr
—To —To 0

2T, — T 2Ty + T
<B{MZ} < 2T,
1672 Mz} < 20—~ 1672

1T 1 T
- — <E{M2}< -+ —
4 8Ty { T“}_4+8TO

2My =2~

Both the upper and lower bound tends to 1/4 as Ty
tends to co. Hence, the quadratic mean also tends to
1/4. The mean is trivially given as my = 1/2, and
hence the variance is given by

11
U%TU:E{M%O}—W@,%Z—Z:Q Ty — oo

and thus, Y (¢) is ergodic with respect to its mean.

Answer: Y (t) is both WSS and ergodic with respect to
its mean..
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4
We are given the system below, where the filter has im-
pulse response h[n| = §[n| + d[n — 1].

Y[n]
hln] (-)?

X|n] Z[n]

The time-discrete stochastic signal X[n| is white noise
with mean mx = 0 and PSD Rx[0] = 1.

The ACF of X|[n] is the inverse transform of Rx[f] = 1.
Thus, we have rx[k] = d[k]. In both subtasks, we are
interested in the mean of the signal Y'[n|. It is given by

my = H[O]mx = O,

where H|[0] is the frequency response of the filter.

a. We want to determine the ACF rz[k] if X[n] is Gaus-
sian. Then we can use the relation given on page 15
in T& F. Therefore, we are first interested in the ACF

ry k] = (h*ﬁ*rx)[k],

where we have h[n] = h[—n] = 8[n] +d[n+1]. To
start with, we determine the convolution

(h = h)[k] = 6[k + 1] + 26[k] + 5[k — 1].
Using that in the expression of ry [k] above, we find

Ty[k/’] = Tx[k+ 1] +2Tx[k] +Tx[k — 1]
— 5l 1] + 20[k] + ok — 1].

Since Y[n| is Gaussian with mean zero, we can use
the relation

rz[k] = 2ry [k] + ri[0]
=44 20[k + 1] + 80[k] + 25[k — 1].
b. Now we want to determine the ACF rz[k] if X[n]
is binary distributed, taking values +1. We have no

special expression for that, which means that we need
to use definitions. First, we have

Yn| = (h*xX)[n] = X[n]+ X[n—1].
Then the output is given by

Z[n] = Y?[n] = (X[n] + X[n —1])°
=2+2X[n]X[n—1]

The ACF of the output is given by

rz[k] = E{Z[n + k] Z[n]} =
:E{(2+2X[n+k]X[n+k*1])'

-2+ 2X[n)X [ — 1)) }
=E{4} +E{4X[n+ k| X[n+ k — 1]}
+E{4Xn|X[n - 1]}
+E{4X[n+ k| X[n+k—-1X[n]X[n—-1]}
=44+ 8rx [1]
+E{4X[n+ k| X[n+k—1X[n]X[n—-1]}
=4+ 4E{X[n+ k| X[n+k —1]X[n]|X[n — 1]}.
Here, we need to observe that binary uncorrelated
variables are independent. Since X[n] is white, it
consists of uncorrelated variables. Therefore, since
X|[n] is also binary, it consists of independent sam-
ples. Thus, any expectation of products of different

samples of this process can be written as the corre-
sponding product of expectations.

For the expectation in our last expression above, we
need to study a few cases. For the case k =0, we
have

E{X[n+ k] X[n+k—1X[n]X[n—1]} =
=E{X?n]X?*n—-1]} =E{1} = 1.

For the case |k| =1, we have

E{X[n+kX[n+k—1]Xn]X[n-1]} =
=E{X[n+ 1]X?*[n]X[n - 1]}
=E{X[n+1]X[n— 1]} = m% =0.

For the case |k| > 1, we have
E{Xn+kX[n+k—1Xn]X[n—1]} =m% =0.
Combining all of this, we have
E{X[n+k]X[n+k—1]X[n|X[n—1]} = §[k],
and finally

rz[k] =4+ 4E{X[n + k| X[n + k — 1] X[n]X[n — 1]}
— 4+ 40]K).

Answer:
a. rzlk] =4+ 26[k + 1] + 85[k] + 26[k — 1]
b. rz[k] =4 + 40[k]
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5
For full credit on this task, you have to explicitly state the
used equations. Apart from that, a graphical reasoning is

OK.

We have the following PSD, where we have introduced
the notation A for the height of the triangles:

The gray parts of the PSD are the parts of the PSD, for
which we have |f| > 5. Let Y[n] denote the intermediate
time-discrete signal, and let Z(t) denote the output of the
PAM.

a. The PSD of the output is given by folding in the gray

parts.
Rz (f)
4
sAT
N AT /N
L7 O\ 2 N
3AT
| — | — f
S B T 13 1
2T 8T 4T 4T 8T 2T
We are here using Poissons summation formula,
Ry[0] = .Y Rx (0 —m)fs),
for sampling (T&F, Page 11) and the relation
2
Rz(f) = fs|P(N)| Ry [f/ ]
for PAM (T&F, Page 12), resulting in
Rz(f) =
_ ) Bx(f+f)+Rx () +Rx(f= o), [f1<fs/2
0, elsewhere.

b. The smallest distorsion is achieved if we are using
an ideal anti-aliasing filter with exactly half the sam-
pling frequency as cut-off frequency. Then the sam-
pling followed by ideal reconstruction does not intro-
duce any error. The only error is from the filter. The

power of that error is the area of the gray parts, since
the reconstruction is ideal,

1 2 1 A
€=2.--ZA —=_.
2 3 4T 6T
Answer:
a. See the second figure above.
b. =4
. o
6

Let x(a1,az) be our signal. Assuming that it is separable,
there are one-dimensional signals x1(a) and z2(a), such
that we have

xz(a1,a2) = x1(a1) - x2(az)

holds. Then we have the Fourier transform

X(fl’ f2) = //x(al, a2) e—j271'(f1111+f2a2) dal da2

o0
= // z1(a1) e~ I2ha ~z2(a2)e_j2f2“2 da; dasy
—00
oo

oo

:/$1((11)€7j2fla1 day '/b(%)‘fﬂhaz das

— 00 — 00

= X1(f1) - Xa(fa)-

Conversely, assuming that the Fourier transform is sepa-
rable, i.e. that there are one-dimensional functions X7 (f)
and X5(f), such that we have

X (f1, f2) = X1(f1) - Xa(f2)

holds. Then doing the same thing with the inverse trans-
form yields

x(al,aQ) = //X(fl, f2) ej27f(f1a1+f2a2) dfl df2

- // X1(f1) €210 Xy (f2)e?2%2 dfy dfa

= /Xl(fl)eﬂflal df - /XQ(f2)6j2f2a2df2

=T (al) . :CQ(aQ).

This proof is for space-continuous signals. The proof for
space-discrete signals is along the same lines.



